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QMAssumptions (1) Physical sates
Φ, Ψ, etc.

are vecs/rays∈Hilbert spH—some cmplx vec sp
ξΦ+ ηΨ ∈ H, ∀ ξ, η ∈ C

wi’ a norm
(Φ,Ψ)∈C

s.t.

(i) (Φ,Ψ) = (Ψ,Φ)∗ (ii) (ξ1Φ1 + ξ2Φ2, ηΨ) = η[ξ∗1(Φ1,Ψ) + ξ∗2(Φ2,Ψ)] (iii) (Ψ ̸= 0,Ψ) > (0, 0) = 0.
(2) Observables are Hermitian ops

A† = A

s.t. A(ξΦ+ ηΨ) = ξAΦ+ ηAΨ
an automorphism Aut(H)

. (3) A ray R
∣∣
∋Ψ has a definite E-value ɑ

AΨ=ɑΨ

∀ op A.* Testing a syst inR brings itself into one of the orthogonal rays Rn=1,2,...
∣∣
∋Ψn

wi’ transition prob
P(R → Rn) := |(Ψ,Ψn)|2 = P(Rn → R), s.t. ∑n P(R → Rn) = 1 for a complete set {Ψn}.

NB (i) Pick a normalised
(Ψ,Ψ) = 1

vec Ψ
∼eiθΨ

as (a representative of) a ray ∈ H. (ii) Define the adjoint A† via(
Φ, A†Ψ

)
:= (AΦ,Ψ)

(Ψ,AΦ)∗
for a linear op A or

(
Φ, A†Ψ

)
:= (AΦ,Ψ)∗

(Ψ,AΦ)

for an antilinear op A.

Wigner’s Theorem An invertible transition-prob-preserving
symmetry

ray-transformation T s.t.

(0.1) P
(
R′
∣∣∣∣
∋Ψ′=UΨ

= TR ↔ R′
n

∣∣∣∣
∋Ψ′

n=UΨn

= TRn

)
|(Ψ′ ,Ψ′

n)|
2

= P(R ↔ Rn)

|(Ψ,Ψn)|2

⇒ a(n) (anti)unitary & (anti)linear op U onH s.t.

(UΦ,UΨ) = (Φ,Ψ)

⇔U†U=1

& U(ξΦ+ ηΨ) = ξUΦ+ ηUΨ

or (UΦ,UΨ) = (Φ,Ψ)∗

⇔U†U=1

& U(ξΦ+ ηΨ) = ξ∗UΦ+ η∗UΨ.(0.2)

Proof. A complete

(Ψn1 ,Ψn2)=δn1 ,n2

orthogonal set {Ψn}
|(Ψ′

n1 ,Ψ′
n2)|

2 (0.1)
====δn1 ,n2

(Ψ′n1 ,Ψ′n2)≥0
=======⇒(Ψ′

n1 ,Ψ′
n2)=δn1 ,n2

================================⇒ another com-

plete orthogonal set {UΨn}† ⇒ the expansions

(0.3) Ψ
∣∣∣∣
∈R

=
N
∑
n=1

CnΨn & (UΨ)
∣∣∣∣
∈TR

=
N
∑
n=1

C′nUΨn

for a given Ψ & its counterpart UΨ. To carry on, we must decide the relative phases for the transformed

*An order-N Hermitian matrix has N orthogonal E-vecs wi’ distinct real E-values.
†Given a non-zero Ψ′ /∈ {Ψ′

n} but ⊥ all Ψ′
n, the 1-1 inverse map will take it back to some non-zero Ψ′′ /∈ {Ψn} s.t. |(Ψn,Ψ′′)|2 =

|(Ψ′
n,Ψ′)|2 = 0 ⇒ impossible, as {Ψn} is already complete.
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basis {UΨn}:
∣∣∣(∑I=1,...,N

i=1 Ψni ,Ψ
)∣∣∣2 (0.1)

====
∣∣∣(U∑I=1,...,N

i=1 Ψni ,UΨ
)∣∣∣2 Ψ=Ψni=1,...,I

======⇒
(0.3)

(0.4) U
I=1,...,N

∑
i=1

Ψni =
I=1,...,N

∑
i=1

eiθiUΨni ,

&our convention is θi=1,...,I ≡ 0 ∀ I ∈ N. Nowwe can investigate the relation betw the 2 sets of expansion

coefficients, {Cn} & {C′n}. 1st, |(Ψn,Ψ)|2 (0.1)
==== |(UΨn,UΨ)|2 (0.3)

==⇒

(0.5)
∣∣∣∣C′nCn

∣∣∣∣ = 1.

Then
∣∣(∑2

i=1 Ψni ,Ψ
)∣∣2 (0.1)

====

∣∣∣∣(U∑2
i=1 Ψni

phase convention
========== ∑2

i=1 UΨni ,UΨ
)∣∣∣∣2 (0.3)

==⇒

∣∣∣∣∣∑2
i=1 C′ni

∑2
i=1 Cni

∣∣∣∣∣ = 1 (0.5)
==⇒

∣∣1+ C′n2/C′n1
∣∣2 − 1−

∣∣C′n2/C′n1
∣∣2

|1+ Cn2/Cn1 |
2 − 1− |Cn2/Cn1 |

2

Re (C′n2/C′n1)/ Re (Cn2/Cn1)

= 1

|C′n2/C′n1 |=|Cn2/Cn1 |
============⇒

(0.5)

Cn2
Cn1

=
C′n2
C′n1

or
(C′n2
C′n1

)∗
.(0.6)

Next, think of
∣∣∣(∑N≥3

i=1 Ψni ,Ψ
)∣∣∣2 (0.1)

====

∣∣∣∣(U∑N≥3
i=1 Ψni

phase convention
========== ∑N≥3

i=1 UΨni ,UΨ
)∣∣∣∣2, wi’ {Cn}& {C′n}

satisfy’g eq (0.6) in the way that Cn2/Cn1 ≡ C′n2/C′n1 or ≡ (C′n2/C′n1)
∗. To prove this ‘≡’, let’s single

out some Cn1 , & assume that Cni/Cn1 = C′ni/C
′
n1 ∀ i ∈ {2, . . . ,M < N} & Cni/Cn1 =

(
C′ni/C

′
n1
)∗ ∀

i ∈ {M+ 1, . . . ,N}. Then, from eqs (0.5) & (0.6),

0 =

∣∣∣∣∣1+ N
∑
i=2

C′ni
C′n1

∣∣∣∣∣
2

−
∣∣∣∣∣1+ N

∑
i=2

Cni
Cn1

∣∣∣∣∣
2

=
N
∑
i,j=2

(
C′niC

′∗
nj − CniC∗nj
|Cn1 |

2 + i ↔ j
)

=
M
∑
i=2

N
∑

j=M+1

[
−4
(

Im
Cni
Cn1

)
Im

Cnj
Cn1

]
= (−4)(M−1)(N−M)

(
M
∑
i=2

Im
Cni
Cn1

)
x

(
N
∑

j=M+1
Im

Cnj
Cn1

)
y

(0.7)

⇒ either x or y must ∈ R, which is an unreasonable stronger statement (transcendental coefficient-
constraint). In brief, ∀ sym transformation T, the correspond’g U satisfies

(0.8) U∑
n
CnΨn = ∑

n
CnUΨn or ∑

n
C∗nUΨn.

Our final step is to prove that the ‘=’ in eq (0.8) is actually ‘≡’, which leads directly to the property (0.2).
In fact, the mixed unitary-antiunitary case wi’ a stronger constraint
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(0.9) U∑
n
AnΨn

Ψ

= ∑
n
AnUΨn

Ψ′

& U∑
n
BnΨn

Φ

= ∑
n
B∗nUΨn

Φ′

|(Ψ,Φ)|2=|(Ψ′ ,Φ′)|2
===========⇒

(0.1)
∑
n1,n2

(
Im A∗n1An2

)
ImB∗n1Bn2

(|∑n AnB∗n |2−|∑n AnBn|2)/ ∏n1 ,n2 (−4)

= 0

is again unresonable, as the probability preservation (0.1) is automatically satisfied wi’ the overall
(anti)unitary condition ‘≡’.

3


