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Abstract

Self-study notes on Axler’sMeasure, Integration& Real Analysis.[i] I share a succinct di-
gest complemented by a bit of my own (naïve) comprehension (in some details for the
measure part), with the hope of providing a beginner’s perspective to fellow learners.
Please refer to the original text formuch greater interpretations.
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1 Measures

1.1 Outer measure on ℝ

1.1.1 Definition & good properties of outer measure

1.1 The outer measure[ii][iii]

̊𝜇A ≔ inf
⎧
⎨
⎩

∞


k=1

ℓIk


 {Ik}∞k=1 is an open cover ofA

⎫
⎬
⎭

ofA ⊆ ℝ, with

ℓI ≔
⎧⎪⎪
⎨⎪⎪
⎩

b − a if∃a & b ∈ ℝ ∶ a < b∧ I = (a,b)
0 if I = ∅
∞ if∃a ∈ [−∞,∞) ∶ I = ±(a,∞)

the length of an interval I ⊆ ℝ  
Properties (outer measure’s) 1. ̊𝜇∀countable C⊆ℝ = 0

2. ̊𝜇∀A⊆B⊆ℝ ≤ ̊𝜇B
3. ̊𝜇t+A = ̊𝜇A ∀translation (t + A) of A ⊆ ℝ by t ∈ ℝ

4. ̊𝜇⋃∞
k=1 Ak

≤ ∑∞
k=1 ̊𝜇Ak

∀{Ak ⊆ ℝ}∞k=1 ■
Proof. 1. ∀𝜖 > 0, an open cover Ik = ck + ⒧−𝜖,𝜖⒭/2k

∞

k=1
of C = {ck}∞k=1

⇒ ̊𝜇C ≤ ∑∞
k=1 ⒧ℓIk = 𝜖/2k−1⒭ = 2𝜖 𝜖’s arbitrariness============ 0.

2. B’s every cover covers A.

3. ℓI is translational invariant (by any distance t) ∀interval I.

4. ∀𝜖 > 0, pick an open cover Ij,k
∞
j=1 ∀Ak∈ℤ>0 ∶ ∑

∞
j=1 ℓIj,k − ̊𝜇Ak

∈ [0, 𝜖/2k. Then
̊𝜇⋃∞

k=1 Ak⊆⋃∞
i=2 Ii≡⋃(k,j)∈⒧ℤ>0⒭2;k+j=i Ij,k=⋃

∞
k=1⋃

∞
j=1 Ij,k

≤ ∑∞
k=1∑

∞
j=1 ℓIj,k ≤ ∑∞

k=1 ̊𝜇Ak
+𝜖
0

Remark. • ℚ ⊆ ℝ is countable⇒ ̊𝜇ℚ = 0

• ̊𝜇∅
properties 1–2===============

∀S⊆ℝ, 𝜇S≥0 ∧ ∅≤S
0.

1.1.2 Outer measure of compact interval

1.1 ̊𝜇[a,b] = b − a∀a & b ∈ ℝ ∶ a < b ■
Proof. 1. ∀𝜖 > 0, ̊𝜇[a,b]⊆⒧a−𝜖,b+𝜖⒭∪∅∪∅∪⋯=⒧a−𝜖,b+𝜖⒭ ≤ ̊𝜇⒧a−𝜖,b+𝜖⒭ = b − a+2𝜖

0

2. (a) By HEINE-BOREL’s theorem, every open cover {Ik}∞k=1 of a closed bounded
[a,b] ⊆ ℝ has a finite subcover {Ik}nk=1 (b) Prove ∑

n
k=1 ℓIk ≥ b − a by induction on

n ∈ ℤ>0. Then∑∞
k=1 ℓIk ≥ ∑n

k=1 ℓIk ≥ b − a⇒ ̊𝜇[a,b] ≥ b − a
Remark. ̊𝜇(a,b)⊆ℝ = ̊𝜇(a,b] = ̊𝜇[a,b] = ̊𝜇[a,b).
1.2 Every nontrivial (i.e. ∃a & b ∈ I ∶ a < b) interval I ⊆ ℝ is uncountable[iv] ■
[ii]∑∞

k=1 tk ≔ ∑n→∞
k=1 tk ∀sequence {tk}∞k=1 ≡ tk=1,2,…

[iii]ℝ ≡ [−∞,∞ = ℝ ⊎ {±∞}, with ℝ ≡ ⒧−∞,∞⒭, and ⊎ a disjoint union
[iv] ̊𝜇I⊇[a,b] ≥ ̊𝜇[a,b] = b − a > 0
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1.1.3 Nonadditivity of outer meansure

1.3 ∃A & B ⊆ ℝ ∶ ̊𝜇A⊎B ≠ ̊𝜇A + ̊𝜇B ■

Proof. Partition [−1, 1] into equivalence classes [a ≔ {b ∈ [−1, 1] | a − b ∈ ℚ},
and pick V ⊆ [−1, 1] ∶ V ∩ [a = 1 ∀a ∈ [−1, 1].[v] Then qk

∞
k=1 ≡ [−2, 2] ∩ ℚ

⇒ [−1, 1] ⊆ ⨄∞
k=1 ⒧qk + V⒭ ⊆ [−3, 3]

⇒ ̊𝜇[−1,1]
=2>0

≤ ̊𝜇⨄∞
k=1 ⒧qk+V⒭

mathematical induction==================
if ̊𝜇A⊎B= ̊𝜇A+ ̊𝜇B ∀A,B⊆ℝ

∑∞
k=1 ̊𝜇qk+V

≡ ̊𝜇V

= qk
∞
k=1

∞

⋅ ̊𝜇V ≤ ̊𝜇[−3,3]
=6<∞

⇒ contradiction: 0 < ∞ ⋅ ⒧ ̊𝜇V = 0⒭ = 0

1.2 Measurable spaces & maps

1.2.1 Motivation & definition of 𝜎-algebra

1.4 2ℝ ≔ {S}S⊆ℝ
ℝ’s power set

∄𝜇
−−→ ℝ≥0 ∶

1. 𝜇I = ℓI ∀open interval I ⊆ ℝ

2. 𝜇⨄∞
k=1 Ak

= ∑∞
k=1 𝜇Ak

∀{Ak ⊆ ℝ}∞k=1
3. 𝜇t+A = 𝜇A ∀A ⊆ ℝ∀t ∈ ℝ ■

Proof. 𝜇 has all ̊𝜇’s properties used to prove theorem 1.3

1.2 S ⊆ 2X is a𝜎-algebra on a setX if

1. X\E ∈ S∀E ∈ S

2. ∅ ∈ S (⟺ X = X\∅ ∈ S)

3. ∀{Ek ∈ S}∞k=1,⋃
∞
k=1 Ek ∈ S (

deMorgan’s laws
⇐=========⇒ ⋂∞

k=1 Ek = X\⋃∞
k=1 ⒧X\Ek⒭ ∈ S).

(X, S) is then called ameasurable space, and E ∈ Smeasurable sets  
E.g. {∅,X} and 2X are 𝜎-algebras on X.
1.5 ⋂S∈S′⊆2X  S′ is a 𝜎-algebra onX containingA S is the smallest 𝜎-algebra onX containing
A ⊆ 2X ■
Examples (of smallest 𝜎-algebras)

1. {E ∈ X | E countable ∨ X\E countable} on X containing {{x}}x∈X.

2. {∅,ℝ, (0, 1), ℝ>0, ℝ≤0 ⊎ ℝ≥1, ℝ≤0, ℝ≥1, ℝ<1} on ℝ containing {(0, 1), ℝ>0}.

1.2.2 BOREL’s subsets of ℝ

1.3 The set ℬ of Borel’s B ⊆ ℝ is the smallest 𝜎-algebra on ℝ containing all open
G ⊆ ℝ  
Examples (of B ∈ ℬ) • Every closed set, every countable {rk ∈ ℝ}∞k=1, and every
half-open interval

• r ∈ ℝ  ℝ f−→ ℝ is continuous at r as an open-set intersection is ‘BOREL’.

[v]|V| denotes the order of a set V
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1.2.3 Inverse images of measurable maps are measurable

1.4X
f−→ ℝ ismeasurable on ameasurable space (X, S) if f−1∀B∈ℬ ∈ S[vi]  

E.g. • The only measurable X
f−→ ℝ on the measurable space ⒧X, {∅,X}⒭ are con-

stant maps.

• Every X
f−→ ℝ is measurable on the measurable space ⒧X, 2X⒭.

• ℝ f−→ ℝ is measurable on the measurable space ⒧ℝ, {∅,ℝ,ℝ<0, ℝ≥0}⒭ iff f is con-
stant respectively on ℝ<0 and on ℝ≥0.

• A characteristic map X
𝜒E−−→ ℝ of E ⊆ X with 𝜒E;∀x∈X ≔ 

1 if x ∈ E
0 if x ∉ E

 is meas-

urable on a measurable space ⒧X, S⒭ iff E ∈ S ⇐ 𝜒−1
E;B⊆ℝ =

⎧⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪
⎩

E if 0 ∉ B ∋ 1
X\E if 0 ∈ B ∌ 1
X if 0 ∈ B ∋ 1
∅ if 0 ∉ B ∌ 1.

[vii]

1.6 X
f−→ ℝ is measurable on ameasurable space ⒧X, S⒭⇐ f−1(∀a∈ℝ,∞) ∈ S ■

Proof. A ⊆ ℝ  f−1A ∈ S is a 𝜎-algebra containingℬ

Remark. The collection {ℝ>a}a∈ℝ in the condition can be re-
placed by any A ⊆ 2ℝ ∶ ℬ ⊆ the smallest 𝜎-algebra containing A.
E.g. A = ⒧p,qp,q∈ℚ ∨ = ⒧q, zq∈ℚ,z∈ℤ ∨ = ⒧q,q + 1⒭q∈ℚ ∨ = ℝ≥qq∈ℚ etc.
1.7 {E′ ∈ S}E′⊆X′ = {E ∩ X′}E∈S is a 𝜎-algebra onX′ ∈ S∀𝜎-algebra S ⊆ 2X ■
1.5∀X ⊆ ℝ,X

f−→ ℝ is Borel-measurable if f−1∀B∈ℬ ∈ ℬ  
1.8 Every continuous B f−→ ℝ isℬ-measurable∀B ∈ ℬ ■

Proof. f−1⒧∀a∈ℝ,∞⒭ = ⒧⋃b∈f−1ℝ>a
⒧b − 𝛿b,b + 𝛿b⒭⒭ ∩ B ∈ ℬ

⇐ f∀b∈B > a ∃𝛿b > 0 ∶ f∀x∈⒧b−𝛿b,b+𝛿b⒭∩B > a

1.9 Every increasing B f−→ ℝ isℬ-measurable∀B ∈ ℬ ■

Proof. f−1⒧∀a∈ℝ,∞⒭

b=inff−1ℝ>a========= ℝ>b ∩ B ∈ ℬ

1.10 X
g∘f
−−→ ℝ is measurable on ameasurable space ⒧X, S⒭ ∀S-measurableX f−→ ℝ

∀ℬ-measurableY
g
−→ ℝ ∶Y ⊇ fX ■

E.g. X
f−→ ℝ is measurable on a measurable space ⒧X, S⒭⇒ so are −f, f/2, |f|, f2 etc.

[vi]∀X f−→ Y, the inverse image f−1A ≔ {x ∈ X  fx ∈ A} = X\f−1Y\A of A ⊆ Y. Besides, f−1○A∈AA
○=⋃,⋂======= ○A∈Af

−1
A ∀A ⊆ 2Y,

(g ∘ f)−1∀A⊆Z = f−1g−1A ∀Y
g
−→ Z

[vii]∀measurable space ⒧X, S⒭ ∀x ∈ X, DIRAC’s measure (cf. definition 1.7) S
𝛿x∶E↦𝜒E;x−−−−−−−−→ ℝ≥0
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1.11 X
f & g
−−−−→ ℝ are measurable on a measurable space ⒧X, S⒭⇒ so are f ± g, fg and f/g

(g∀x∈X ≠ 0 in the quotient) ■

Proof. fg = ⒧f+g⒭2−f2−g2/2, ⒧f + g⒭−1⒧∀a∈ℝ,∞⒭ = ⋃q∈ℚ ⒧f−1ℝ>q ∩ g−1ℝ>a−q
⒭ ∈ S

1.12 ∃fk→∞;∀x∈X for a sequence X
fk−→ ℝ

∞

k=1
of measurable maps on a measurable

space ⒧X, S⒭⇒ S-measurableX
f∶x↦fk→∞;x−−−−−−−−−→ ℝ. ■

Proof. f−1⒧∀a∈ℝ,∞⒭ = ⋃∞
j=1⋃

∞
m=1⋂

∞
k=m f−1k;ℝ>a+1/j

∈ S

1.6X
f−→ ℝ is measurable on a measurable space (X, S) if f−1∀B∈ℬ ∈ S,[viii] where B ⊆ ℝ

is Borel’s set if B ∩ ℝ ∈ ℬ (andℬ is the collection of all such B)  
1.13 A sequence X

fk−→ ℝ
∞

k=1
of measurable maps on ameasurable space ⒧X, S⒭

⇒ S-measurableX
g & h
−−−−→ ℝ ∶ g∀x∈X ≔ inffk;x∞k=1, h∀x∈X ≔ supfk;x

∞
k=1

■

Proof. g∀x∈X = − sup−fk;x
∞
k=1
, h−1⒧∀a∈ℝ,∞ = ⋃∞

k=1 f
−1
k;ℝ>a

∈ S

1.3 Measures & their properties

1.7 S
𝜇
−→ ℝ≥0 is ameasure on ameasurable space ⒧X, S⒭ if 𝜇⨄∞

k=1 Ek
= ∑∞

k=1 𝜇Ek
∀{Ek ∈ S}∞k=1. ⒧X, S, 𝜇⒭ is then called ameasure space  
Remark. 𝜇E=E⊎∅⊎∅⊎⋯ = 𝜇E + ∑∞

k=2 𝜇∅ ⇒ 𝜇∅ = 0.
1.14 ∀measure space ⒧X, S, 𝜇⒭ ∀{Ek ∈ S}∞k=1

1. E1 ⊆ E2⇒ 𝜇E1 ≤ 𝜇E2 ∧ 𝜇E2\E1
𝜇E1<∞======= 𝜇E2 − 𝜇E1

2. 𝜇⋃∞
k=1 Ek

≤ ∑∞
k=1 𝜇Ek

3. E∀k∈ℤ>0 ⊆ Ek+1⇒ 𝜇⋃∞
k=1 Ek

= 𝜇Ek→∞

4. E∀k∈ℤ>0 ⊇ Ek+1∧ 𝜇E1 < ∞⇒ 𝜇⋂∞
k=1 Ek

= 𝜇Ek→∞

5. 𝜇E=E1∩E2 < ∞⇒ 𝜇E1∪E2 = 𝜇E1 + 𝜇E2 − 𝜇E ■
Proof. 1. (a) 𝜇E2=E1⊎⒧E2\E1⒭ = 𝜇E1 + 𝜇E2\E1 ≥ 𝜇E1
(b) 𝜇E1 < ∞ ⇒ 𝜇E2 − 𝜇E1 ≥ 𝜇E1 − 𝜇E1 = 0

2. 𝜇⋃∞
k=1 Ek=⨄

∞
k=1 ⒧Ek\Dk⒭ = ∑∞

k=1 ⒧𝜇Ek\Dk
≤ 𝜇Ek⒭ with D∀k∈ℤ>0 = ⋃k−1

j=1 Ek
k=1===== ∅

3. Say 𝜇E∀k∈ℤ>0 < ∞, as otherwise both sides of the equation are ∞. Let E0 = ∅,

𝜇⋃∞
k=1 Ek=⨄

∞
j=1 ⒧Ej\Ej−1⒭

= ⒧∑∞
j=1 ≡ ∑k→∞

j=1 ⒭⒧𝜇Ej\Ej−1 = 𝜇Ej − 𝜇Ej−1⒭ = 𝜇Ek→∞

4. 𝜇E1 − 𝜇⋂∞
k=1 Ek

= 𝜇E1\⋂∞
k=1 Ek=⋃

∞
k=1 ⒧E1\Ek⒭

property 3
========= 𝜇E1\Ek→∞ = 𝜇E1 − 𝜇Ek→∞

5. 𝜇E1∪E2=⨄2
k=1 ⒧Ek\E⒭⊎E = ∑2

k=1 ⒧𝜇Ek\E = 𝜇Ek − 𝜇E⒭ + 𝜇E = 𝜇E1 + 𝜇E2 − 𝜇E

[viii]X
f−→ ℝ is measurable on a measurable space ⒧X, S⒭⇐ f−1

⒧∀a∈ℝ,∞
∈ S
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1.4 LEBESGUE’s measure
1.15 ̊𝜇A⊎B = ̊𝜇∀A⊆ℝ + ̊𝜇∀B∈ℬ ■
Proof. Need to show ̊𝜇A⊎B ≥ ̊𝜇A + ̊𝜇B.

1. ̊𝜇A⊎B = ̊𝜇∀A⊆ℝ + ̊𝜇∀open B⊆ℝ Say ̊𝜇B < ∞.

(a) If B is an open interval (a,b) ⊆ ℝ, then ∀open cover

a + ⒧−𝜖,𝜖⒭/4,b + ⒧−𝜖,𝜖⒭/4
I0

∪{Ik ∩ ℝ<a
Jk

}∞k=1 ⊎ {Ik ∩ (a,b)
Kk

}∞k=1 ⊎ {Ik ∩ ℝ>b
Lk

}∞k=1

of A ⊎ B,∑∞
k=0 ℓIk

{Kk}∞k=1⊇B=============
I0∪{Jk,Lk}∞k=1⊇A

𝜖→0
ℓI0 +∑∞

k=1 ⒧ℓJk + ℓLk⒭
≥ ̊𝜇A

+∑∞
k=1 ℓKk
≥ ̊𝜇B

⇒ ̊𝜇A⊎B ≥ ̊𝜇A + ̊𝜇B.

(b) If B = ⨄∞
k=1 Ik for some open sequence {Ik ⊆ ℝ}∞k=1, then

̊𝜇A⊎B ≥ ̊𝜇A⨄∀z∈ℤ>0
k=1 Ik

= ̊𝜇A + ∑z
i=1 ℓIk

by property (a) and induction on z

⇒ ̊𝜇A⊎B ≥ ̊𝜇A + ⒧∑∞
k=1 ℓIk ≥ ̊𝜇B⒭.

2. ̊𝜇A⊎B = ̊𝜇∀A⊆ℝ + ̊𝜇∀closed B⊆ℝ ∀open cover {Ik ⊆ ℝ}∞k=1 of A ⊎ B,

∑∞
k=1 ℓIk ≥ ̊𝜇G=⋃∞

k=1 Ik=⒧G\B⒭⊎B
step 1=================

G\B=G∩⒧ℝ\B⒭ is open
̊𝜇G\B⊇A + ̊𝜇B ≥ ̊𝜇A + ̊𝜇B

⇒ ̊𝜇A⊎B ≥ ̊𝜇A + ̊𝜇B.

3. ℒ ≔ L ⊆ ℝ  ∀𝜖 > 0 ∃ closed F ⊆ L ∶ ̊𝜇L\F < 𝜖 is a 𝜎-algebra containing ℝ’s
all closed, and thus all open, all BOREL’s (and all 0-outer-measure) subsets Since
𝓛 (∋ ∅, as ∅ is both open and closed) is closed under

Countable intersection L0 = ⋂∞
k=1 Lk ∈ ℒ ∀{Lk ∈ ℒ}∞k=1 ⇐ ∀𝜖 > 0

∃ closed F∀k∈ℤ>0 ⊆ Lk ∶ ̊𝜇Lk\Fk < 𝜖/2k ∧ ̊𝜇L0\⒧closed ⋂∞
k=1 Fk⒭=⋃

∞
k=1 ⒧L0\Fk⒭⊆⋃

∞
k=1 ⒧Lk\Fk⒭ < 𝜖.

Complementation ∀L ∈ ℒ ∀𝜖 > 0

(a) If ̊𝜇L < ∞, then ∃ closed F ⊆ L ⊆ open G ∶ 𝜖
> ⒧𝜖/2 > ̊𝜇G − ̊𝜇L⒭ + ⒧𝜖/2 > ̊𝜇L\F = ̊𝜇L − ̊𝜇F⒭ = ̊𝜇G − ̊𝜇F
= ̊𝜇G\F⊇G\L=⒧ℝ\L⊇ℝ\G⒭\⒧ℝ\G⒭ ≥ ̊𝜇⒧ℝ\L⒭\⒧closed ℝ\G⒭.

(b) If ̊𝜇L = ∞, ̊𝜇L∀k∈ℤ>0=L∩[−k,k]∈ℒ < ∞
step (a)
=====⇒ ℝ\L∀k∈ℤ>0 ∈ ℒ⇒ ℝ\L = ⋂∞

k=1 ⒧ℝ\Lk⒭ ∈ ℒ.

4. ∀𝜖 > 0 ∃ closed F ⊆ B ∶ ̊𝜇B\F < 𝜖 ∧ ̊𝜇A⊎B ≥ ̊𝜇A⊎F = ̊𝜇A + ⒧ ̊𝜇F = ̊𝜇B − ̊𝜇B\F ≥ ̊𝜇B⒭

1.16 ∃B ⊆ ℝ ∶ ̊𝜇B < ∞∧ B is not Borel’s set ■

Proof. By theorems 1.3, 1.15

1.17 ⒧ℝ,ℬ, ̊𝜇⒭ is a measure space ■

Proof. ∀{Bk ∈ ℬ}∞k=1, ̊𝜇⨄∞
k=1 Bk

≥ ̊𝜇⨄∀z∈ℤ>0
k=1 Bk

= ∑z
k=1 ̊𝜇Bk

by theorem 1.15 and induction on z

⇒ ̊𝜇⨄∞
k=1 Bk

≥ ∑∞
k=1 ̊𝜇Bk

1.8A ⊆ ℝ is Lebesgue-measurable

⟺ ∃B− ∈ ℬ ∶ B− ⊆ A∧ ̊𝜇A\B− = 0

⟺ ∀𝜖 > 0∃ closed F ⊆ A ∶ ̊𝜇A\F < 𝜖

⟺ ∃{closed Fk ⊆ A}∞k=1 ∶ ̊𝜇A\⋃∞
k=1 Fk

= 0
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⟺ ∃{openGk ⊇ A}∞k=1 ∶ ̊𝜇⋂∞
k=1Gk\A = 0

⟺ ∀𝜖 > 0∃ openG ⊇ A ∶ ̊𝜇G\A < 𝜖

⟺ ∃B+ ∈ ℬ ∶ B+ ⊇ A∧ ̊𝜇B+\A = 0

⟺ ̊𝜇(−n,n)∩A + ̊𝜇(−n,n)\A = 2n∀n ∈ ℤ>0 ■

Proof. ̊𝜇A\B− = 0 = ̊𝜇B+\A
B±∈ℬ⊆ℒ

=====================⇒
⒧A\B−⒭⊎B−=A=B+∩ℝ\⒧B+\A⒭

A\B− & B+\A & A & ℝ\A ∈ ℒ

∃F⊆⋃∞
k=1 Fk⊆A⊆⋂

∞
k=1Gk⊆G

===================⇒ ̊𝜇A\F & ̊𝜇G\A=⒧ℝ\A⊇ℝ\G⒭\⒧ℝ\G⒭ < 𝜖 → 0+ etc.
Remark. The 𝜎-algebra ℒ in theorem 1.15.3 is the collection of ℝ’s all ℒ-
measurable subsets.
1.18 ⒧ℝ,ℒ, ̊𝜇⒭ is a measure space (dubbed Lebesgue’s) ■

Proof. ∀{Lk ∈ ℒ}∞k=1 ∃ Bk ∈ ℬ  Lk = Bk ⊎ ⒧Lk\Bk⒭
∞
k=1 ∶ ̊𝜇L∀k∈ℤ>0\Bk = 0

∧ ̊𝜇⨄∞
k=1 Lk

≥ ̊𝜇⨄∞
k=1 Bk

theorem 1.17=========== ∑∞
k=1 ⒧ ̊𝜇Bk ≥ ̊𝜇Lk⒭

Remark. ∀A ⊆ ℝ with ̊𝜇A < ∞, A ∈ ℒ ⟺ ∀𝜖 > 0 ∃G = ⨄n<ℤ>0
k=1 Gk with Gk=1,…n

bounded open intervals: ̊𝜇A\G + ̊𝜇G\A < 𝜖. Practically, this means that every
B ∈ ℬ with ̊𝜇B < ∞ is almost a finite disjoint union of bounded open intervals.

1.5 Convergence of measurable maps

1.5.1 Pointwise convergence is almost uniform convergence

1.9 X
fk−→ ℝ

∞

k=1
converges toX

f−→ ℝ

Pointwise (onX) if fk→∞;∀x∈X = fx

Uniformly if∀𝜖 > 0∃n ∈ ℤ>0 ∶ f∀k≥n;∀x∈X − fx < 𝜖  
E.g. [−1, 1]

fk−→ ℝ  fk;x = 
1 − k|x| if |x| ∈ 0, 1/k
0 if |x| ∈ ⒧1/k, 1


∞

k=1
converges pointwise

but not uniformly to [−1, 1]
f∶x↦𝛿0,x−−−−−−→ ℝ.

1.19 X
fk−→ ℝ  f∀j∈ℤ>0 continuous at x ∈ X

∞

k=1
converges uniformly toX f−→ ℝ

⇒ f continuous at x ■

Proof. ∀𝜖 > 0 ∃𝛿 > 0 ∶ f∀x′∈⒧x−𝛿,x+𝛿⒭∩X − fx < 𝜖, because
fx′ − fx ≤ fx′ − fj;x′ + fj;x′ − fj;x < 𝜖 ′ + fj;x − fx ∀j ∈ ℤ>0 ∀𝜖 ′ ∈ ⒧0, 𝜖⒭
f∃n∈ℤ>0;∀x′′∈X−fx′′ <

⒧𝜖−𝜖′⒭/2
===================⇒ fx′ − fx < fx′ − fn′;x′ + 𝜖 ′ + fn;x − fx < 𝜖

Theorem (EGOROV’s) ∀measure S
𝜇
−→ ℝ≥0 on a measurable space ⒧X, S⒭ ∃E ⊆ X ∶

𝜇X\E ∈ [0, ∀𝜖 > 0⒭ ∧ S-measurable X
fk−→ ℝ

∞

k=1
converges to X

f ∶ x ↦ fk→∞;x−−−−−−−−−−→ ℝ uni-

formly on E ■

Proof. fk→∞;∀x∈X = fx
gk≡fk−f=====⇒ ⋃∞

m=1 ⒧Am;∀n∈ℤ>0 ≔ ⋂∞
k=m g−1k;⒧−1/n,1/n⒭⒭ = X, where
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Am;n ∈ S as X
g∀k∈ℤ−−−−→ ℝ is S-measurable (by theorems 1.12, 1.11), and Am,n

∞
m=1 is

an increasing sequence
theorem 1.14.3
==========⇒ 𝜇X = 𝜇Am→∞;n; i.e. 𝜇X − 𝜇∃mn∈ℤ>0 < 𝜖/2n. Thus

𝜇X\⒧E=⋂∞
n=1 Amn;n⒭=⋃

∞
n=1 ⒧X\Amn;n⒭

≤ ∑∞
n=1 𝜇X\Amn;n

< 𝜖, and {fk}∞k=1 converges to f

uniformly on E ⊆ Amn;∀n∈ℤ>0, as ∀𝜖 ′ > 0 ∃n ∈ ℤ>0 ∶ g∀k∈ℤ>0;∀x∈E <
1/n < 𝜖 ′

1.5.2 Approximation by simple maps

1.10Amap is simple if it takes only finitelymany values  
E.g. A simple X

f=∑n
k=1 ck𝜒Ek−−−−−−−−−−→ ℝ (measurable) on a measurable space ⒧X, S⒭, with

ck=1,…,n the distinct values ∈ ℝ≠0 of f, and Ek=1,…,n = f−1{ck} ∈ S.

1.20 ∀measurableX f−→ ℝ on ameasurable space ⒧X, S⒭

∃ simple S-measurableX
fk−→ ℝ  f∀j∈ℤ>0;∀x∈X ≤ fj+1;x ≤ fx

∞

k=1
converging point-

wise (uniformly for bounded f) to f ■

E.g.
⎧
⎨
⎩
fk;∀x∈X = ⎛

⎝
fk;x =

⎧
⎨
⎩

m/2k if ∃m ∈ ℤ ∶ fx ∈ [0, k] ∩ [m,m+1⒭/2k
k if fx ∈ (k,∞)

⎞
⎠
signfx

⎫
⎬
⎭

∞

k=1

is a

desired sequence of simple S-measurable (f−1
[0,k]∩[m,m+1⒭/2k

∈ S etc.⇐ S-measurable

f) maps: f∀k∈ℤ>0;∀x∈X − fx ≤ 1/2k if fx ∈ [0, k].

1.21 ∀continuous F f−→ ℝ on a closed F ⊆ ℝ∃ continuousℝ f−→ ℝ ∶ f
F
= f ■

E.g. ∃{open interval Ik}∞k=1 ∶ ℝ\F = ⨄∞
k=1 Ik. fIk

≔ fa ∨≔ linear map connecting
fb & fc for Ik∈ℤ>0 = ±(a,∞) ∨ = (b, c).

1.5.3 BOREL’s measurability is almost continuity

Theorem (LUSIN’s) ℬ-measurable E
f−→ ℝ ⇒ ∀𝜖 > 0 ∃

• closed F ⊆ ℝ ∶ ̊𝜇E\F < 𝜖

• continuous ℝ f−→ ℝ ∶ f
F
= f

F
■

Proof. 1. Prove the theorem for ⒧E f−→ ℝ⒭ = ⒧ℝ f−→ ℝ⒭ 1st.

(a) Say f = ∑n
k=1 ck𝜒Bk

c0=0==============
B0=ℝ\⋃n

k=1 Bk∈ℬ
∑n

k=0 ck𝜒Bk of distinct ck=1,…,n ∈ ℝ≠0 and

disjoint Bk=0,…,n ∈ ℬ. ∀𝜖 > 0, theorem 1.8⇒ ‘∀k ∈ {1,… ,n} ∃ closed Fk ⊆ Bk ⊆
open Gk ∶ ̊𝜇Gk\Bk < 𝜖/2n > ̊𝜇Bk\Fk ∧ ̊𝜇Gk\Fk=⒧Gk\Bk⒭⊎⒧Bk\Fk⒭ < 𝜖/n’

⇒ closed F
F0=ℝ\⋃n

k=1Gk============ ⨄n
k=0 Fk ∶ ̊𝜇ℝ\F⊆⋃n

k=1 ⒧Gk\Fk⒭ < 𝜖

∧ f
F
continuous (as f

F∀k∈{0,…,n}⊆Bk
≡ ck is continuous)

(b) ∀ℬ-measurable ℝ f−→ ℝ

i. Theorem 1.20⇒ ∃simpleℬ-measurableℝ
fk−→ ℝ

∞

k=1
∶ fk→∞;∀x∈X = fx. ∀𝜖 > 0,
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step 1.(a)⇒ ‘∀k ∈ ℤ>0 ∃ closed Ck ⊆ ℝ ∶ ̊𝜇ℝ\Ck
< 𝜖/2k+1 ∧ fkCk

continuous’

⇒ f∀k∈ℤ>0C=⋂∞
j=1 Cj

continuous: ̊𝜇⒧ℝ\C⒭=⋃∞
k=1 ⒧ℝ\Ck⒭ < 𝜖/2.

ii. ∀n ∈ ℤ>0, fk→∞;∀x∈(n,n+1) = fx
EGOROV’s theorem
============⇒ ∃Bn ∈ ℬ ∶ ̊𝜇(n,n+1)\⒧Bn⊆(n,n+1)⒭

< 𝜖/2|n|+3 ∧ fkBn
∞

k=1
converges to f

Bn
uniformly on C ∩ Bn.

iii. f∀k∈ℤ>0⒧C∩B∀n∈ℤ>0⒭⊆C⊆Ck
continuous

theorem 1.19
=========⇒ ⒧f = fk→∞⒭C∩Bn continuous

⇒ f
D=⋃n∈ℤ>0 ⒧C∩Bn⒭

continuous, where theorem 1.8
⇒ ̊𝜇D\∃ closed F ⊆ D ∈ ℒ < 𝜖 − ̊𝜇ℝ\D=⒧ℝ\C⒭∪ℝ\⒧⋃n∈ℤ>0 Bn⒭⊆ℤ>0∪⒧⋃n∈ℤ>0 (n,n+1)\Bn⒭

>0
∧ ̊𝜇ℝ\F=⒧ℝ\D⒭⊎⒧D\F⒭ = ̊𝜇ℝ\D + ̊𝜇D\F < 𝜖 ∧ f

F⊆D continuous.

2. ∀𝜖 > 0, consider an extension ℝ
̃f≔𝜒E⋅f−−−−−→ ℝ of E

f−→ ℝ, then step 1

⇒ ‘∃ closed C ⊆ ℝ ∶ ̊𝜇ℝ\C < 𝜖 ∧ ̃f
C
continuous’

⇒ ‘∃ closed F ⊆ C ∩ E ∶ ̊𝜇⒧C∩E⒭\F < 𝜖 − ̊𝜇ℝ\C
>0

∧ ̊𝜇E\F=⒧C∩E⒭\F⊎⒧E\C⒭⊆⒧ℝ\C⒭ < 𝜖

∧ ̃f
F⊆E = f

F
continuous’

theorem 1.21
=========⇒ ∃ continuous ℝ f−→ ℝ ∶ f

F
= f

Remark. ⨄k=1,…,n Fk
f−→ ℝwith closed Fk=1,…,n ⊆ ℝ and continuous f

Fk=1,…,n
is con-

tinuous.

1.5.4 LEBESGUE’s measurability is almost BOREL’s measurability

1.11∀X ⊆ ℝ,X
f−→ ℝ is Lebesgue-measurable if f−1∀B∈ℬ ∈ ℒ  

1.22 ∀ℒ-measurableℝ f−→ ℝ∃ℬ-measurableℝ
g
−→ ℝ ∶ ̊𝜇x∈ℝ  gx≠fx = 0 ■

Proof. ℒ-measurable ℝ f−→ ℝ
theorem 1.20
=========⇒ ∃simple ℒ-measurableℝ

fk−→ ℝ
∞

k=1
∶

fk→∞;∀x∈X = fx ∧ f∀k∈ℤ>0 = ∑∃n∈ℤ>0
j=1 cj𝜒Aj

of distinct cj=1,…,n ∈ ℝ≠0 and disjoint
Aj=1,…,n ∈ ℒ. Theorem 1.8⇒ ‘∀j ∈ {1,… ,n} ∃Bj ∈ ℬ ∶ ̊𝜇Aj\⒧Bj⊆Aj⒭

= 0’

⇒ℬ-measurable g∀k∈ℤ>0 = ∑n
j=1 cj𝜒Bj ∶ ̊𝜇𝜖k=x∈ℝ  gk;x≠fk;x

= 0. Thus

gk→∞;∀x∈E = fx with ̊𝜇ℝ\⒧E=x∈ℝ  ∃gk→∞;x⒭⊆⋃
∞
k=1 𝜖k

= 0⇒ ∃g∀x∈ℝ = ⒧𝜒E ⋅ gk→∞⒭x
ℬ-measurable ⒧𝜒E⋅g∀k∈ℤ>0⒭===================⇒

theorem 1.12
ℬ-measurable g ∶ ̊𝜇x∈ℝ  gx≠fx⊆⋃

∞
k=1 𝜖k = 0
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2 Integration

2.1 Integration with respect to a measure

2.1.1 Integration of nonnegative maps

2.1 Aj ∈ S  ⨄m
k=1Ak = Xm∈ℤ>0

j=1 is an S-partition of ameasurable space ⒧X, S⒭  
2.2 The integral ∫ f d𝜇 ≔ supPLf,P=Aj

m

j=1
≔ ∑m

j=1 𝜇Aj
infAj

f


Lebesgue’s lower sum


S-partitionP ofX of a meas-

urableX
f−→ ℝ≥0 on themeasure space ⒧X, S, 𝜇⒭[ix]  

2.1 ∫𝜒E d𝜇 = 𝜇E ∀measure space ⒧X, S ∋ E, 𝜇⒭ ■

Proof. ∫𝜒E d𝜇 ≥ L𝜒E,∃S-partition {E,X\E} of X = 𝜇E ≥ 𝜇⨄m
j=1
Aj⊆E

Aj
= ∑m

j=1
Aj⊆E

𝜇Aj

= ∑m
j=1 ⒧𝜇Aj

infAj
𝜒E = 

𝜇Aj
if Aj ⊆ E

0 if Aj\E ≠ ∅
⒭ = L𝜒E,∀S-partition Aj

m
j=1 of X

E.g. ∀LEBESGUE’s measure ̊𝜇on X, ∫𝜒ℚ d ̊𝜇 = ̊𝜇ℚ = 0, ∫𝜒[0,1]\ℚ d ̊𝜇 = ̊𝜇[0,1]\ℚ = 1.

E.g. ∫b d𝜇 = ∑∞
k=1 bk, with ℤ>0

b∶k↦bk−−−−−−→ ℝ≥0, and 𝜇 the counting measure on

ℤ>0.
[x]

2.2 ∫ ⒧∑n
k=1 ck𝜒Ek⒭ d𝜇

∀ck∈ℝ≥0
n

k=1====================
∀disjoint sequence {Ek∈S}nk=1

∑n
k=1 ck𝜇Ek ∀measure space ⒧X, S, 𝜇⒭ ■

Proof. Define f ≔ ∑n
k=0 ck𝜒Ek, with E0 ≔ X\⨄n

k=1 Ek ∪ {Ek}nk=1 an S-partition of
X, and set c0 ≡ 0. Then

∑n
k=1 ck𝜇Ek ≡ ∑n

k=0 ck𝜇Ek = Lf,{Ek}nk=0 ≤ ∫ ⒧f ≡ ∑n
k=1 ck𝜒Ek⒭ d𝜇

= Lf,∃S-partition Aj = Bj = ⨄n
k=1 ⒧Bj,k = Aj ∩ Ek⒭ ⊎ Aj\Bj

m
j=1 of X

= ∑m
j=1 

⎡⎢⎢
⎣
𝜇Aj

𝜇∅=0======
⎧⎪⎪⎪
⎨⎪⎪⎪
⎩

∑n
k=1
Bj,k≠∅

𝜇Bj,k + 𝜇Aj\Bj
if Aj\Bj ≠ ∅

∑n
k=1
Bj,k≠∅

𝜇Bj,k if Aj\Bj = ∅
⎤⎥⎥
⎦

×⎡
⎣
infAj

f
⒧Aj\Bj⒭∩⒧E∀k∈{1,…,n}=⨄m

j=1 Bj,k⒭=∅=========================
⎧
⎨
⎩

0 if Aj\Bj ≠ ∅
mini∈{1,…,n}

Bj,i≠∅
ci if Aj\Bj = ∅

⎤
⎦


= ∑m
j=1
Aj\Bj=∅

⒧∑n
k=1
Bj,k≠∅

𝜇Bj,k⒭mini∈{1,…,n}
Bj,i≠∅

ci ≤ ∑n
k=1
Bj,k≠∅

𝜇Bj,kck

≤ ∑m
j=1∑

n
k=1 𝜇Bj,kck = ∑n

k=1 ck⒧∑
m
j=1 𝜇Bj,k = 𝜇⨄m

j=1 Bj,k=Ek⒭

2.3 ∫ f d𝜇 ≤ ∫g d𝜇 ∀X
f, g
−−→ ℝ≥0 measurable on ameasure space ⒧X, S, 𝜇⒭ ∶ f∀x∈X ≤ gx

(⇒ infA∀j∈{1,…,m} f ≤ infAj
g⇒Lf,P ≤ Lg,P,∀S-partitionP = Aj

m
j=1 ofX) ■

2.1.2 Monotone convergence theorem about limits & integrals

2.4 ∫ f d𝜇 = sup
S=∑m

j=1 ⒧cj∈ℝ≥0⒭𝜇Aj∈S  Aj=1,…,m are disjoint∧ f∀x∈X≥∑m
j=1 cj𝜒Aj;x

[ix]∞ ⋅ 0 ≔ 0 ≕ 0 ⋅ ∞
[x]The counting measure 𝜇 on a measurable space ⒧X, S⒭ counts the number of elements in E ∈ S; i.e. 𝜇E ≔ |E|
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∀measurableX f−→ ℝ≥0 on ameasure space ⒧X, S, 𝜇⒭ ■

Proof. 1. 
theorem 2.3

∫ f d𝜇 ≥
theorem 2.2

∫ ⒧∑m
j=1 cj𝜒Aj

⒭ d𝜇 = ∑m
j=1 cj𝜇Aj

.

2. C.f. definition 2.1. (a) inf∀A∈S∶𝜇A>0 f < ∞ ⇒ ‘∀S-partition P = Aj ∈ S\{∅}m
j=1

of X, taking cj = infAj
f shows that Lf,P ∈ S

definition of ∫ fd𝜇
============⇒ supS ≥ ∫ f d𝜇’.

(b) inf∃A∈S∶𝜇A>0 f = ∞ ⇒ ‘∀t ∈ ℝ>0, taking Aj
m=1
j=1 = {A} and c1 = t shows that

supS ≥ t𝜇A = ∞ ≥ ∫ f d𝜇’

Theorem (monotone convergence) ∀ X
fk−→ ℝ≥0  fk ≤ fk+1 ∧ fk;∀x∈X

k→∞−−−−→ fx
∞

k=1

of measurable maps on a measure space ⒧X, S, 𝜇⒭, ∫ fk d𝜇
k→∞−−−−→ ∫ f d𝜇 ■

Proof. 1. Theorem 1.13 ⇒ X
f−→ ℝ≥0 is measurable

f∀k∈ℤ>0;∀x∈X≤fx==========⇒
theorem 2.3

∫ f∀k∈ℤ>0 d𝜇

≤ ∫ f d𝜇 ⇒ limk→∞ ∫ fk d𝜇 ≤ ∫ f d𝜇

2. ∀cj ∈ ℝ≥0
m
j=1∀ Aj ∈ S  Aj=1,…,m are disjoint ∧ f∀x∈X ≥ ∑m

j=1 cj𝜒Aj;x
m

j=1

∀t ∈ (0, 1), Ek∈ℤ>0 ≔ x ∈ X  fk;x > t∑m
j=1 cj𝜒Aj;x ∧ ⋃j∈ℤ>0 Ej = X ⊆ Ek+1 ∈ S

theorem 1.14
=========⇒ 𝜇Aj∩Ek

k→∞−−−−→ 𝜇Aj
. Then f∀k∈ℤ>0;∀x∈X ≥ t∑m

j=1 cj𝜒Aj∩Ek;x

theorem 2.4
========⇒ ∫ f∀k∈ℤ>0 d𝜇 ≥ t∑m

j=1 cj𝜇Aj∩Ek
k→∞
====⇒ limk→∞ ∫ fk d𝜇 ≥ t∑m

j=1 cj𝜇Aj

t→1−−−→ ∑m
j=1 cj𝜇Aj

taking supremum over S in theorem 2.4
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ ∫ f d𝜇

2.5 ∀measure space ⒧X, S, 𝜇⒭, f = ∑m
j=1 ⒧aj ∈ ℝ≥0⒭𝜒Aj∈S = ∑n

k=1 ⒧bk ∈ ℝ≥0⒭𝜒Bk∈S = g
⇒∑m

j=1 aj𝜇Aj
= ∑n

k=1 bk𝜇Bk ■
Proof. 1. Say ⋃m

j=1Aj = X.[xi] ∀nondisjoint pairs A′
k=1,2 ∈ Aj

m
j=1, repeat the de-

composition

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎩

⋃2
j=1A

′
j = 

A′
1

⒧A′
1\A′

2⒭ ⊎
A′
2

⒧A′
1 ∩ A′

2⒭ ⊎ ⒧A′
2\A′

1⒭

∑2
j=1 aj𝜒A′

j
= a1𝜒A′

1\A′
2
+ ⒧a1 + a2⒭𝜒A′

1∩A′
2
+ a2𝜒A′

2\A′
1

∑2
j=1 aj𝜇A′

j
= a1𝜇A′

1\A′
2
+ ⒧a1 + a2⒭𝜇A′

1∩A′
2
+ a2𝜇A′

2\A′
1

for finite steps,

one can convert the initial sets A into disjoint ones with modified coefficients a
but unchanged value of ‘∑ a𝜇A’.

2. Replace the sets A corresponding to each modified a from step 1 by ⋃A, 𝜇’s
finite additivity⇒ ‘∑ a𝜇A’s value remains unchanged when making the coeffi-
cients a distinct.

3. Drop any terms for which A = ∅, getting f’s standard[xii] representation with
‘∑ a𝜇A’s value unchanged. Finally, applying the same procedure to g shows that
f = g iff∑ a𝜇A = ∑b𝜇B.

[xi]Otherwise add the term 0 ⋅ 𝜒X\⋃m
j=1 Aj

to the simple map X
f−→ ℝ≥0

[xii]The representation ∑n
k=1 ck𝜒Ek ∀simple map X

h−→ ℝ≥0 on a measurable space ⒧X, S⒭ is standard if ck=1,…,n ∈ ℝ≥0

are disjoint ∧ Ek = h−1{ck} ≠ ∅
n

k=1
is an S-partition of X
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2.6 ∫ ⒧∑n
k=1 ck𝜒Ek⒭ d𝜇

∀ck∈ℝ≥0
n

k=1===========
∀{Ek∈S}nk=1

∑n
k=1 ck𝜇Ek ∀measure space ⒧X, S, 𝜇⒭ ■

Proof. Apply theorems 2.2 & 2.5 on the standard representation of ∑n
k=1 ck𝜒Ek

2.7 ∫(f + g) d𝜇 = ∫ f d𝜇 + ∫g d𝜇 ∀measurable X
f, g
−−→ ℝ≥0 on a measure space

⒧X, S, 𝜇⒭ ■

Proof. Theorem 1.20⇒ ∃increasing sequences X
fk−→ ℝ≥0

∞

k=1
& X

gk−−→ ℝ≥0
∞

k=1
of simple maps measurable on ⒧X, S, 𝜇⒭ ∶ f∀x∈X = fk→∞;x & g∀x∈X = gk→∞;x. Then

∫ ⒧f + g⒭ d𝜇 ∞←k←−−−−−−−−−−−−−−−−−−−−−−−−−
monotone convergence theorem

∫(fk + gk) d𝜇
theorem 2.6========== ∫ fk d𝜇 + ∫gk d𝜇

k→∞−−−−−−−−−−−−−−−−−−−−−−−−−→
monotone convergence theorem

∫ f d𝜇 + ∫g d𝜇

2.1.3 Integration of real-valued maps

2.3Define X
f±−→ ℝ≥0 by f

±
∀x∈X ≔ max {fx, 0} ∀X

f−→ ℝ. f is measurable on a measure

space ⒧X, S, 𝜇⒭with at least one of ∫ f± d𝜇 < ∞⇒ ∫ f d𝜇 ≔ ∫ f+ d𝜇 − ∫ f− d𝜇  
Remark. • ∫ ⒧f = f+ − f− = f+ + f−⒭ d𝜇 < ∞ iff ∫ f± d𝜇 < ∞.

• ∫ f d𝜇 is defined⇒measurable f with at least one of ∫ f± d𝜇 < ∞.
E.g. ∫ sgn d𝜇 is not defined ∀LEBESGUE’s measure 𝜇 on ℝ because ∫ sgn± d𝜇 = ∞.

2.8 ∀measurableX f−→ ℝ on ameasure space ⒧X, S, 𝜇⒭, ∫ f d𝜇 is defined

⇒ ∫ cf d𝜇 ∀c∈ℝ====== c∫ f d𝜇 ∧ ∫ f d𝜇 ≤ ∫ |f| d𝜇 ■
Proof. 1. Without loss of generality, say c ≥ 0. Then ∫ cf d𝜇 = ∑s=± s∫(cf)s d𝜇
Lcg,P=cLg,P⇒∫ cgd𝜇=c∫gd𝜇
=======================

∀X
g
−→ℝ≥0 ∀partition P of X

∑s=± s⒧∫ cf
s d𝜇 = c∫ fs d𝜇⒭ = c∫ f d𝜇.

2. ∫ f d𝜇 = ∑s=± s∫ f
s d𝜇

<∞ for at least one of s

 ≤ ∑s=± s∫ f
s d𝜇 = ∫ |f| d𝜇

2.9 ∀measurableX
fk=1,2−−−−→ ℝ on ameasure space ⒧X, S, 𝜇⒭

• ∫ fk=1,2 d𝜇 < ∞⇒ ∫ ⒧∑2
k=1 fk⒭ d𝜇 = ∑2

k=1 ∫ fk d𝜇 (c.f. theorem 2.7)

• f1;∀x∈X ≤ f2;x⇒ ∫ f1 d𝜇 ≤ ∫ f2 d𝜇 (c.f. theorem 2.3) ■

2.2 Limits of integrals & integrals of limits

2.2.1 Bounded convergence theorem

2.10 ∫
E
f d𝜇 ≔ ∫𝜒Ef d𝜇 ≤ ∫𝜒E⒧|f| ≤ supE |f|⒭ d𝜇 = 𝜇E supE |f| ∀measurable

X
f−→ ℝ on ameasure space ⒧X, S ∋ E, 𝜇⒭ ■
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Theorem (bounded convergence) ∀ X
fk−→ ℝ  fk;∀x∈X

k→∞−−−−→ fx
∞

k=1
of measur-

able maps on a measure space ⒧X, S, 𝜇⒭ with 𝜇X < ∞, ∫ fk d𝜇
k→∞−−−−→ ∫ f d𝜇 if

∃c ∈ ℝ>f∀k∈ℤ>0;∀x∈X
■

Proof. Theorem 1.12⇒measurable X
f−→ ℝ

EGOROV’s theorem
============⇒ ∀𝜖 > 0 ∃E ∈ S ∶

𝜇X\E < 𝜖/4c ∧ {fk}∞k=1 converges to f uniformly[xiii] on E
⇒ limk→∞ ∫ fk d𝜇 − ∫ f d𝜇 = ∫

X\E fk d𝜇 − ∫
X\E f d𝜇 + ∫

E
⒧fk − f⒭ d𝜇

≤ limk→∞

≤ 𝜇X\Ec < 𝜖/4
∫
X\E fk d𝜇 +

≤ 𝜇X\Ec < 𝜖/4
∫
X\E |f| d𝜇 + limk→∞ ∫

E
fk − f d𝜇

≤⒧𝜇E<∞⒭⒧supE fk→∞−f<𝜖/2𝜇E⒭

< 𝜖 arbitrariness of 𝜖−−−−−−−−−−−−−→ 0

Remark. EGOROV’s theorem is crucial for interchanging limits and integrals in
proofs.

2.2.2 0-measure sets in integration theorems

2.4∀measure space ⒧X, S, 𝜇⒭, E ∈ S contains almost every x ∈ X (denote ∀
̃
x ∈ X) if

𝜇X\E = 0  
Remark 1. Integration theorems can almost always be relaxed to hold for almost
everywhere instead of everywhere. E.g. relax in the bounded convergence the-

orem ‘fk;∀x∈X
k→∞−−−−→ fx’ to ‘fk;∀

̃
x∈X

k→∞−−−−→ fx’; i.e. ∃E ∈ S ∶ 𝜇X\E = 0 ∧ fk;∀x∈E
k→∞−−−−→ fx,

then ∫ fk d𝜇 = ∫
E
fk d𝜇 ≡ ∫𝜒E⒧fk

k→∞−−−−→ f⒭ d𝜇 ≡ ∫
E
f d𝜇 = ∫ f d𝜇.

2.2.3 Dominated convergence theorem

2.11 ∀measurableX
g
−→ ℝ≥0 on ameasure space ⒧X, S, 𝜇⒭with ∫g d𝜇 < ∞∀𝜖 > 0

1. ∃𝛿 > 0 ∶ ∫∀B∈S∶𝜇B<𝛿 g d𝜇 < 𝜖

2. ∃E ∈ S ∶ ∫
X\E∶𝜇E<∞

g d𝜇 < 𝜖 ■

Proof. 1. Theorem 2.4⇒ ‘∃simple S-measurable X
h∈[0,g]
−−−−−→ ℝ≥0 ∶∫g d𝜇

<∞

−∫ h d𝜇

∈ [0, 𝜖/2⒭’⇒ ∃𝛿 > 0 ∶ 𝛿max{hx  x∈X}
H

< 𝜖/2 ∧ ∫
B∶𝜇B<𝛿

g d𝜇 = ∫
B
(g − h) d𝜇

≤∫(g−h)d𝜇<𝜖/2

+∫
B
h d𝜇

≤H𝜇B<H𝛿<𝜖/2

< 𝜖.

2. ‘∃S-measurable partitionP = Aj
m
j=1 of X ∶ ∫g d𝜇

<∞

−Lg,P ∈ [0, 𝜖) ∧ 𝜇E=⋃j=1,…,m
infAj g>0

Aj

< ∞ (⇐ Lg,P < ∞) ∧ inf∀A∈P∶A⊈E g = 0 (⇒ Lg,P = L𝜒Eg,P)’
⇒ ∫

X\E g d𝜇 = ∫g d𝜇 − ∫𝜒Eg d𝜇 − ∫𝜒Eg d𝜇 < 𝜖 + Lg,P − L𝜒Eg,P = 𝜖

Theorem (dominated convergence) ∀measurable X
f−→ ℝ on a measure space

⒧X, S, 𝜇⒭ ∀ measurable X
fk−→ ℝ  fk;∀

̃
x∈X

k→∞−−−−→ fx
∞

k=1
, ∫ fk d𝜇

k→∞−−−−→ ∫ f d𝜇 if

∃measurable X
g
−→ ℝ≥0 ∶ ∫g d𝜇 < ∞ ∧ f∀k∈ℤ>0;∀ ̃

x∈X ≤ gx ■

[xiii]I.e. fk − f arbitrarily small for large enough k
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Proof. ∫ fk d𝜇 − ∫ f d𝜇 ∀E∈S===== ∫
X\E fk d𝜇 − ∫

X\E f d𝜇 + ∫
E
fk d𝜇 − ∫

E
f d𝜇

≤ ⒧∫
X\E fk d𝜇 + ∫

X\E f d𝜇 ≤ 2∫
X\E g d𝜇⒭ + ∫

E
⒧fk − f⒭ d𝜇

1. 𝜇X < ∞
EGOROV’s theorem
============⇒ ∃E ∈ S ∶ 𝜇X\E∈S < ∞ (

theorem 2.11.1
==========⇒ ∫

X\E g d𝜇 < 𝜖/4) ∧ {fk}∞k=1
converges uniformly on E to f (⇒ ∫

E
⒧fk − f⒭ d𝜇 < 𝜖/2 for large enough k). Thus

∫ fk d𝜇 − ∫ f d𝜇 k→∞−−−−→ 0

2. For 𝜇X = ∞, theorem 2.11.2⇒ ∃E ∈ S ∶ 𝜇E < ∞ ∧ ∫
X\E g d𝜇 < 𝜖/4. Besides,

∫
E
fk d𝜇 − ∫

E
f d𝜇 < 𝜖/2 for large enough k by case 1 as applied to fkE

∞

k=1
. Thus

∫ fk d𝜇 − ∫ f d𝜇 k→∞−−−−→ 0

2.2.4 RIEMANN’s & LEBESGUE’s integrals

2.12 A bounded [a,b] f−→ ℝ is Riemann-integrable iff ̊𝜇{x∈[a,b] | f is discontinuous at x} = 0

(say −∞ < a < b < ∞); besides, f is measurable on the measure space ⒧ℝ,ℒ, ̊𝜇⒭, with
Riemann’s integral ∫b

a
f = ∫[a,b] f d ̊𝜇[xiv] ■

Proof. ∀partition P∀n∈ℤ>0 dividing [a,b] into 2n subintervals Ij=1,…,2n of equal size
(b−a)/2n, RIEMANN’s lower sum Lf,Pn,[a,b] = ∫[a,b] ⒧gn = ∑2n

j=1 𝜒Ij infIj f⒭ d ̊𝜇& upper sum

Uf,Pn,[a,b] = ∫[a,b] ⒧hn = ∑2n
j=1 𝜒Ij supIj f⒭ d ̊𝜇,[xv] Then g1 ≤ ⋯ ≤ gn→∞ ≤ f ≤ hn→∞ ≤

⋯ ≤ h1
bounded convergence theorem
=====================⇒
(if applicable; c.f. remark 1)

RIEMANN’s lower & upper integrals Lf,[a,b]

= limn→∞ Lf,Pn,[a,b] = ∫[a,b] gn→∞ d ̊𝜇& Uf,[a,b] = limn→∞Uf,Pn,[a,b] = ∫[a,b] hn→∞ d ̊𝜇.

Thus RIEMANN-integrable f
by definition
⇐=======⇒ Lf,[a,b] ≡ Uf,[a,b]

⟺ ∫[a,b] ⒧hn→∞ − gn→∞ ≥ 0⒭ d ̊𝜇 = 0

⟺ 0 = x ∈ [a,b]  gn→∞;x ≠ hn→∞;x = {x ∈ [a,b] | f is discontinuous at x}

2.2.5 Appoximation by nice maps

2.5∀measurable X
f−→ ℝ on a measure space ⒧X, S, 𝜇⒭, f’s L1-norm ‖f‖1 ≔ ∫ |f| d𝜇;

Lebesgue’s spaceL1
𝜇 ≔ S-measurableX

f−→ ℝ  ‖f‖1 < ∞  
E.g. ∀measure space ⒧X, S, 𝜇⒭, f

ak=1,…,n∈ℝ≠0 distinct================
Ek=1,…,n∈X disjoint

∑n
k=1 ak𝜒Ek ∈ L1

𝜇 iff

𝜇E∀k∈{1,…,n}∈S < ∞, with ‖f‖1 = ∑n
k=1 ak𝜇Ek.

E.g. L1
𝜇 is 𝓁1 if 𝜇 is the counting measure on the measurable space ⒧ℤ>0, 2ℤ>0⒭.

Say ℤ>0
a∶k↦ak−−−−−→ ℝ, then ‖a ∈ 𝓁1‖1 = ∑∞

k=1 ak < ∞.

Properties (L1-norm’s) ∀measure space ⒧X, S, 𝜇⒭ ∀f & g ∈ L1
𝜇

[xiv]Say−∞ ≤ a < b < c ≤ ∞, (a,b) f−→ ℝ ismeasurable on ⒧ℝ,ℒ, ̊𝜇⒭, then−∫a
b
f = ∫b

a
f ≡ ∫b

a
fx dx ≡ ∫(a,b) f d ̊𝜇 = ∫c

a
f + ∫b

c
f

[xv]For aesthetically pleasing form of mathematics, at each of the endpoints (other than a & b) that is in two of the
subintervals, change gn’s value to be f’s infimum over the two subintervals, and hn’s value to be f’s supremum over
the two subintervals.
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• ‖f‖1 ≥ 0

• ‖f‖1 = 0 iff f∀
̃
x∈X = 0

• ‖cf‖1
∀c∈ℝ====== |c| ⋅ ‖f‖1

• f + g1 ≤ ‖f‖1 + g1
• ∀𝜖 > 0 ∃simple h ∈ L1

𝜇 ∶ ‖f − h‖1 < 𝜖 ■
2.6DenotesL1

̊𝜇 byL
1
ℝ for themeasure space ⒧ℝ,ℱ ∈ {ℬ,ℒ}, ̊𝜇⒭, with ‖f‖1 = ∫ℝ |f| d ̊𝜇 

2.7ℝ
=∑n

k=1 ak𝜒Ik−−−−−−−−−−−→ ℝwith intervals Ik=1,…,n ⊆ ℝ and ak=1,…,n ∈ ℝ≠0 is a step map  
Remark. • ‖𝜗‖1 = ∑n

k=1 ak ̊𝜇Ik if Ik=1,…,n are disjoint.

• 𝜗 ∈ L1
ℝ iff ̊𝜇I∀k∈{1,…,n} < ∞.

• The intervals in 𝜗’s definition can be open or closed, or half-open; includ-
ing/excluding interval endpoints does not matter when using 𝜗 in integrals.
2.13 ∀f ∈ L1

ℝ ∀𝜖 > 0

• ∃step 𝜗 ∈ L1
ℝ ∶ ‖f − 𝜗‖1 < 𝜖

• ∃continuousℝ
g
−→ ℝ ∶ f − g1 < 𝜖 ∧ ̊𝜇x∈ℝ  gx≠0 < ∞ ■
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3 Differentiation

3.1 HARDY-LITTLEWOOD’s maximal map

Inequality (MARKOV’s) 𝜇x∈X  h(x)>c ≤ h∈L1
𝜇1/⒧c>0⒭ ∀measure spaces (X, S, 𝜇) ■

Lemma (VITALI’s covering) Every sequence {Ik ⊆ ℝ}nk=1 of bounded nonempty open
intervals has a disjoint subsequence Ikj

m

j=1
∶ ⋃n

k=1 Ik ⊆ ⋃m
j=1 3Ikj, with 3I the open

interval with the same centre as I and ̊𝜇3I = 3 ̊𝜇I ■
Inequality (HARDY-LITTLEWOOD’s maximal) ̊𝜇b∈ℝ  h∗b>c ≤

3h∈ℒ1
ℝ1/⒧c>0⒭, with

ℝ
h∗ ∶ b ↦ supt>0

⒧∫b+tb−t |h|⒭/2t

−−−−−−−−−−−−−−−−−−−→ ℝ≥0 HARDY-LITTLEWOOD’s maximal map[xvi] ∀ℒ-

measurable ℝ h−→ ℝ ■

3.2 Derivatives of integrals

3.1 (I
g
−→ ℝ)’s derivative g′

b ≔ limt→0
⒧gb+t−gb⒭/t (if the limit exists; g is then dubbed

differentiable) at b ∈ I∀open interval I ⊆ ℝ  
Fundamental theorem of calculus f ∈ ℒ1

ℝ is continuous at b ∈ ℝ ⇒ g′
b = fb with

ℝ
g∶x↦∫x−∞ f
−−−−−−−−→ ℝ

Theorem (LEBESGUE’s differentiation) f ∈ ℒ1
ℝ ⇒ ∀

̃
b ∈ ℝ

• limt↓0
⒧∫b+tb−t |f−fb|⒭/2t = 0

• g′
b = fb with ℝ

g∶x↦∫x−∞ f
−−−−−−−−→ ℝ ■

3.1 ∄ℒ-measurable E ⊆ [0, 1] ∶ ̊𝜇E∩[0,b] = b/2∀b ∈ [0, 1] ■

Proof. ∃such E⇒ gb∈ℝ = ∫b−∞ 𝜒E
∀b∈[0,1]======== b/2

⇒ 1/2 ∀b∈(0,1)======== g′
b

∀
̃
b∈ℝ========================

LEBESGUE’s differentiation theorem
𝜒E;b ∈ {0, 1}

3.2 f∀
̃
b∈ℝ = limt↓0

⒧∫b+tb−t f⒭/2t ∀f ∈ L1
ℝ ■

3.2 𝜚E⊆ℝ;b∈ℝ ≔ limt↓0
⒧ ̊𝜇E∩(b−t,b+t)⒭/2t is E’s density at b  

E.g. 𝜚[0,1];b =
⎧⎪⎪
⎨⎪⎪
⎩

1 if b ∈ (0, 1)
1/2 if b ∈ {0, 1}
0 otherwise

.

Theorem (LEBESGUE’s density) 𝜚∀E∈ℒ;b = 
1 ∀

̃
b ∈ E

0 ∀
̃
b ∈ ℝ\E

■

3.3 ∃E ∈ ℬ ∶ 0 < ̊𝜇E∩I < ̊𝜇I ∀nonempty bounded open interval I ■

[xvi]E.g. ⒧𝜒[−1,1]/2⒭
∗
b = 

1/(1+2|b|) if 2|b| ≥ 1

1 if 2|b| < 1
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4 Product Measures

4.1 Product of measure spaces

4.1.1 Product 𝜎-algebras

4.1A × B is a rectangle inX × Y∀(A,B) ∈ 2X×Y  
4.2 The product S ⊗ T is the smallest 𝜎-algebra on X × Y containing all rectangles
A × B (dubbed measurable) with (A,B) ∈ S × T ∀measurable spaces (X, S) & (Y,T) 
4.3 [E]a∈X ≔ y ∈ Y  (a, y) ∈ E and [E]b∈Y ≔ {x ∈ X | (x,b) ∈ E} are the
cross sections of E ⊆ X × Y  
Example 4.1 [A × B]a∈X = 

B if a ∈ A
∅ if a ∉ A

& [A × B]b∈Y = 
A if b ∈ B
∅ if b ∉ B

∀(A,B) ∈ 2X×Y.
4.1 ⒧[E]b∈Y, [E]a∈X⒭ ∈ S × T ∀E ∈ S ⊗ T ∀measurable spaces (X, S) & (Y,T) ■

Proof. A × B ∈ E = E ⊆ X × Y  ⒧[E]b∈Y, [E]a∈X⒭ ∈ S × T ∀(A,B) ∈ S × T by ex-
ample 4.1, with E closed under complementation and countable unions as
[(X × Y)\E]a = Y\[E]a, [⋃k∈ℤ>0 ⒧Ek ⊆ X × Y⒭]a = ⋃k∈ℤ>0[Ek]a ∀a ∈ X etc. Hence E is
a 𝜎-algebra on X × Y containing all A × B ∈ S ⊗ T; i.e. S ⊗ T ⊆ E

4.4Y
[f]∀a∈X∶y↦fa,y
−−−−−−−−−−→ ℝ & X

[f]∀b∈Yx↦fx,b−−−−−−−−−−→ ℝ are the cross sections ofX × Y
f−→ ℝ  

4.2 [f]∀a∈X is T-measurable on Y and [f]∀b∈Y is S-measurable on X ∀S ⊗ T-measurable
X × Y

f−→ ℝ∀measurable spaces (X, S) & (Y,T) ■

Proof. ∀B ∈ ℬ, S ⊗ T-measurable f⇒ f−1B ∈ S ⊗ T
theorem 4.1
========⇒ [f−1B a ∈ T; besides,

y ∈ ⒧[f]a⒭
−1
B ⟺ fa,y = ⒧[f]a⒭y ∈ B ⟺ (a, y) ∈ f−1B ⟺ y ∈ [f−1B a. Thus ⒧[f]a⒭

−1
∀B∈ℬ

= [f−1B a ∈ T; i.e. [f]a is T-measurable. Similarly, [f]b is S-measurable.

4.1.2 Monotone class theorem

4.5A ⊆ 2X is an algebra onX if

• ∅ ∈ A

• E ∈ A⇒X\E ∈ A

• Ek=1,2 ∈ A⇒⋃2
k=1 Ek ∈ A  

4.3 ∀measurable spaces ⒧X, S⒭ and ⒧Y,T⒭, the set A of finite unions of rectangles in
S ⊗ T is analgebra onX × Y, each suchunion equals afinite unionof disjointmeasurable
rectangles in S ⊗ T ■
Proof. 1. (a) Obviously A is closed under finite unions.

(b) ∀A1,…,n & C1,…,m ∈ S ∀B1,…,n & D1,…,m ∈ T, ⒧⋃n
j=1Aj × Bj⒭⋂ ⒧⋃m

k=1Ck ×Dk⒭
= ⋃n

j=1⋃
m
k=1 ⒧Aj × Bj⒭ ∩ ⒧Ck ×Dk⒭ = ⒧Aj ∩ Ck⒭ × ⒧Bj ∩Dk⒭; intersection of two

rectangles is a rectangle, implying that A is closed under finite intersections.

(c) (X × Y)\(A × B) = [(X\A) × Y] ∪ [X × ((Y\B))] ∀(A,B) ∈ S × T. Hence the
complement of each S ⊗ T-measurable rectangle is in A. Thus the complement
of a finite union of S ⊗ T-measurable rectangles is in A (use DE MORGAN’s laws
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and step (b) that A is closed under finite intersections). I.e. A is closed under
complementation.

2. [A × B] ∪ [C ×D] = [A × B] ⊎ [C × (D\B)] ⊎ [(C\A) × (B ∩D)] ∀S ⊗ T-
measurable rectangles A × B & C ×D. Hence ∀finite union of S ⊗ T-measurable
rectangles, if it is not a disjoint union, choose any nondisjoint pair of measur-
able rectangles in the union and replace them with the union of three disjoint
measurable rectangles as above. Iterate this process until obtaining a disjoint
union of measurable rectangles.
4.6M ⊆ 2X is amonotone class onX if

• Ek ∈ M  E∀j∈ℤ>0 ⊆ Ej+1k∈ℤ>0 ⇒⋃k∈ℤ>0 Ek ∈ M

• Ek ∈ M  E∀j∈ℤ>0 ⊇ Ej+1k∈ℤ>0 ⇒⋂k∈ℤ>0 Ek ∈ M  
Theorem (monotone class) The smallest 𝜎-algebra S containing an algebra A on
X is the smallest monotone classM containing A ■
Proof. 1. Every 𝜎-algebra is a monotone class⇒M ⊆ S.

2. (a) A ∈ A⇒ A ⊆ monotone class E = {E ∈ M | A ∪ E ∈ M} (as A ⊆ M is
closed under finite union) ⇒ A ∪ E ∈ M ⊆ E ∀E ∈ M ⇒

(b) A ⊆ monotone class D = {D ∈ M | D ∪ E ∈ M ∀E ∈ M} ⇒ M ⊆ D is closed
under finite union⇒

(c) i. Fk = ⋃k
j=1 ⒧Ej ∈ M⒭ ∈ M ⇒ Fk→∞ = ⋃∞

k=1 Fk ⊆ M (as M is a monotone
class)⇒M is closed under countable union.

ii. A is closed under complementation⇒ A ⊆monotone classM′

= {E ∈ M | X\E ∈ M} ⇒M ⊆ M′ is closed under complementation.

HenceM is an 𝜎-algebra containing A, and thusM ⊇ S

4.1.3 Products of measures

4.7Ameasure 𝜇 on ameasurable space ⒧X, S⒭ is dubbed

Finite if 𝜇X < ∞.

𝜎-finite ifX = ⋃k∈ℤ>0 ⒧Xk ∈ S⒭with 𝜇X∀k∈ℤ>0
< ∞  

E.g. • LEBESGUE’s measure on [0, 1] is finite.

• LEBESGUE’s measure on ℝ is not finite but 𝜎-finite.

• Counting measure on ℝ is not 𝜎-finite (because the countable union of finite
sets is countable).
4.4 ∀𝜎-finite measure spaces ⒧X, S, 𝜇⒭ & ⒧Y,T, 𝜈⒭

1. x ↦ 𝜈[E]x∈X is S-measurable onX and y ↦ 𝜇[E]y∈Y is T-measurable onY∀E ∈ S ⊗ T.

2. the product S ⊗ T
𝜇×𝜈∶E↦∫X ∫Y 𝜒E;x,yd𝜈yd𝜇x−−−−−−−−−−−−−−−−−−−−→ ⒧𝜇 × 𝜈⒭

S⊗T is a measure on ⒧X × Y, S ⊗ T⒭
■
Proof. 1. Without lose of generality, one just need to prove that x ↦ 𝜈[E]x (well-
defined, as [E ∈ S ⊗ T∀x∈X ∈ T ⇐ theorem 4.1) is S-measurable on X.

(a) If 𝜈 is finite, one need to prove that

S ⊗ T = M = E ∈ S ⊗ T ∶ x ↦ 𝜈[E]x is S-measurable on X .
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By example 4.1, (A,B) ∈ S × T ⇒ 𝜈[A×B]x = 𝜈B𝜒A;x ∀x ∈ X; i.e. x ↦ 𝜈[A×B]x equals
the S-measurable map 𝜈B𝜒A on X. Hence M contains all measurable rectangles
in S ⊗ T.

By theorem 4.3, E ∈ algebra A of all finite unions of measurable rectangles
in S ⊗ T ⇒ ∃measurable rectangles Ek=1,…,n ∶ 𝜈E=⨄n

k=1 Ekx=⨄
n
k=1 [Ekx

= ∑n
k=1 𝜈[Ekx.

I.e. x ↦ 𝜈[E]x is a finite sum of S-measurable maps and is thus S-measurable.
Hence E ∈ M, and A ⊆ M.

The next is to show that M is a monotone class on X × Y. ∀increasing se-

quence {Ek ∈ M}∞k=1, 𝜈⋃∞
k=1 Ekx=⋃

∞
k=1[Ekx

∞←k←−−−− 𝜈[Ekx. Hence x ↦ 𝜈⋃∞
k=1 Ekx

is S-

measurable,[xvii] ⋃∞
k=1 Ek ∈ M, and M is closed under countable increasing uni-

ons. ∀decreasing sequence {Ek ∈ M}∞k=1, 𝜈⋂∞
k=1 Ekx=⋂

∞
k=1[Ekx

∞←k←−−−− 𝜈[Ekx for finite
𝜈. Hence x ↦ 𝜈⋂∞

k=1 Ekx
is S-measurable, ⋂∞

k=1 Ek ∈ M, and M is closed under
countable decreasing intersections.

Finally, monotone class theorem⇒ themonotone classM containingA contains
the smallest 𝜎-algebra containing A; i.e. M ⊇ S ⊗ T.

(b) If 𝜈 is a 𝜎-finite, ∃{Yk ∈ T}∞k=1 ∶ ⋃
∞
k=1 Yk = Y ∧ 𝜈Y∀k∈ℤ>0

< ∞. Replacing each
Yk by Y1 ∪ ⋯ ∪ Yk, one can assume that Y1 ⊆ Y2 ⊆ ⋯. ∀E ∈ S ⊗ T,

𝜈[E]x
∞←k←−−−− 𝜈E∩⒧X×Yk⒭x, with x ↦ 𝜈E∩⒧X×Yk⒭x S-measurable on X (by step (a),

with 𝜈 considered finite when restricted to the 𝜎-algebra on Yk consisting of
T-measurable sets E ⊆ Yk). Hence x ↦ 𝜈[E]x is S-measurable on X.

2. Clearly (𝜇 × 𝜈)∅ = 0, and 𝜇 × 𝜈 is the countably additive as (𝜇 × 𝜈)⨄∞
k=1⒧Ek∈S⊗T⒭

= ∫
X
⒧𝜈⨄∞

k=1 Ekx=⨄
∞
k=1[Ekx

= ∑∞
k=1 𝜈[Ekx⒭ d𝜇x

monotone convergence theorem
======================== ∑∞

k=1 ∫X 𝜈[Ekx d𝜇x
= ∑∞

k=1(𝜇 × 𝜈)Ek
E.g. ⒧𝜇 × 𝜈⒭A×B = 𝜇A𝜈B ∀(A,B) ∈ S × T

4.2 Iterated integrals

Theorem (TONELLI’s) ∫
X×Y f d(𝜇 × 𝜈) = ∫

X
∫
Y
fx,y d𝜈y

S-measurable on X

d𝜇x = ∫
Y

T-measurable on Y
∫
X
fx,y d𝜇x d𝜈y ∀S ⊗ T-

measurable X × Y
f−→ ℝ≥0 on 𝜎-finite measure spaces ⒧X, S, 𝜇⒭ & ⒧Y,T, 𝜈⒭ ■

E.g. Consider ℤ>0 × ℤ>0
x∶(j,k)↦xj,k
−−−−−−−−→ ℝ≥0 and 𝜎-finite counting measure spaces

⒧ℤ>0, 2ℤ>0, 𝜇⒭, then ∫ℤ>0×ℤ>0 x d(𝜇 × 𝜇) = ⒧∑j∈ℤ>0 ∑k∈ℤ>0 = ∑k∈ℤ>0 ∑j∈ℤ>0⒭xj,k.

Theorem (FUBINI’s) ∫
X×Y f d(𝜇 × 𝜈) = ∫

X
∫
Y
fx,y d𝜈y

S-measurable on X

d𝜇x = ∫
Y

T-measurable on Y
∫
X
fx,y d𝜇x d𝜈y ∀S ⊗ T-

measurable X × Y
f−→ ℝ on 𝜎-finite measure spaces ⒧X, S, 𝜇⒭ & ⒧Y,T, 𝜈⒭ ∶

∫
X×Y |f| d(𝜇 × 𝜈) < ∞ (and thus ∫

Y
f∀

̃
x∈X,y d𝜈y < ∞ > ∫

X
fx,∀

̃
y∈Y d𝜇x) ■

4.5 Uf ≔ {(x, t) ∈ X × ℝ>0  0 < t < fx} is the region under the graph of X f−→ ℝ≥0.

[xvii]Recall that pointwise limit of S-measurable functions is S-measurable
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Thenmeasurable f on 𝜎-finite measure space ⒧X, S, 𝜇⒭ ⇒Uf ∈ S ⊗ℬ
∧ ⒧𝜇 × ̊𝜇⒭Uf

= ∫
X
f d𝜇 = ∫ℝ>0

𝜇{x∈X  t<fx}d ̊𝜇t ∀Lebesgue’s measure space ⒧ℝ>0,ℬ, ̊𝜇⒭ ■

4.3 LEBESGUE’s integrals on ℝn

4.6 ⨉ 2
k=1Gk ⊆ ℝ∑2

k=1 nk is open∀openGk=1,2 ⊆ ℝnk ■
4.8 Borel’s B ⊆ ℝn is an element of the smallest 𝜎-algebra onℝn containing all open
G ⊆ ℝn; denote the 𝜎-algebra of all Borel’s B ⊆ ℝn byℬn  
4.7 • G ⊆ ℝn is open ⟺ G = ⋃k∈ℤ>0 Ck withC∀k∈ℤ>0 open cubes⊆ ℝn.

• ℬn is the smallest 𝜎-algebra onℝn containing all open cubes⊆ ℝn ■
4.8 ℬ∑2

k=1 nk
= ⊗2

k=1ℬnk ■
4.9Define inductively Lebesgue’s measure ̊𝜇n = ̊𝜇n−1 × ̊𝜇1 on measurable spaces
⒧ℝn,ℬn⒭with ̊𝜇1 Lebesgue’s measure on ⒧ℝ,ℬ1⒭  
4.9 ∀E ∈ ℬn ∀t ∈ ℝ>0, tE ∈ ℬn∧ ̊𝜇n;tE = tn ̊𝜇n;E ■
4.10 D1(D2f) = D2(D1f) ∀G

f−→ ℝ ∶ ∃continuous D1f & D2f & D1(D2f) & D2(D1f)

on the openG ⊆ ℝ2, where the partial derivates (D1f)x,y ≔limt→0
⒧fx+t,y−fx,y⒭/t &

(D2f)x,y ≔ limt→0
⒧fx,y+t−fx,y⒭/t ∀(x, y) ∈ G etc. ■
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A Riemann’s integration

A.1 Riemann integral

A.1A partition of [a,b] ⊆ ℝ is a finite list {xi}ni=0 with a = x0 < x1 < ⋯ < xn = b  
Remark. Use the partition to think of [a,b] = ⋃n

i=1 [xi−1, xi.
A.2 inf

A
f = inffA & sup

A
f = supfA ∀A ⊆ domain of a real-valuedmap f  

A.3∀bounded map [a,b] f−→ ℝ ∀partition P = {xi}ni=0 of [a,b], Riemann’s lower
& upper sums are

Lf,P,[a,b] =
n


i=1

⒧xi − xi−1⒭ inf
[xi−1,xi

f & Uf,P,[a,b] =
n


i=1

⒧xi − xi−1⒭ sup
[xi−1,xi

f ■

Remark. RIEMANN’s sums approximate the signed area under f’s graph.

A.1 ∀boundedmap [a,b] f−→ ℝ∀partitionsP,P′ of [a,b]with the list definingPa subset
of the list defining P′, Lf,P,[a,b] < Lf,P′,[a,b] < Uf,P′,[a,b] < Uf,P,[a,b] ■
A.2 ∀boundedmap [a,b] f−→ ℝ∀partitionsP,P′ of [a,b], Lf,P,[a,b] ≤ Uf,P′,[a,b] ■

A.4∀boundedmap [a,b] f−→ ℝ, Riemann’s lower & upper integrals are

Lf,[a,b] ≔ sup
P

Lf,P,[a,b] & Uf,[a,b] ≔ inf
P
Uf,P,[a,b] ■

A.3 ∀boundedmap [a,b] f−→ ℝ, Lf,[a,b] ≤ Uf,[a,b] ■
A.5A bounded map on a closed bounded interval is Riemann integrable if its lower
andupperRiemann integrals are equal. E.g. Riemann’s integral∫b

a
f = Lf,[a,b] = Uf,[a,b]

of a Riemann integrablemap [a,b] f−→ ℝ  
Example A.1 ∀[0, 1] f∶x↦x2−−−−−→ ℝ ∀Pn = {i/n}ni=0,

Lf,Pn,[0,1] =
n


i=1

1
n
⒧
i − 1
n

⒭
2
=
1
3
−

1
2n

+
1
6n2

,

Uf,Pn,[0,1] =
n


i=1

1
n
⒧
i
n
⒭
2
=
1
3
+

1
2n

+
1
6n2

;

Uf,[0,1] ≤ inf
n∈ℤ>0

Uf,Pn,[0,1]
= 

1

0
f =

1
3
= inf
n∈ℤ>0

Lf,Pn,[0,1]
≤ Lf,[0,1].

A.4 Every continuous real-valued map on a closed bounded interval (and thus the map
is uniformly continuous) is Riemann integrable ■
A.5 ∀Riemann integrable map [a,b] f−→ ℝ,

(b − a) inf
[a,b]

f ≤ 
b

a
f ≤ (b − a) sup

[a,b]
f ■
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A.2 RIEMANN’s integral is not good enough
Riemann’s integration does not

• handlemapswithmany discontinuities ormaps unbounded

• workwell with limits

Example A.2 fx∈[0,1] = 
1 if x ∈ ℚ
0 if x ∈ ℝ\ℚ

has many discontinuities, and

inf
[a,b]

f = 0 ≠ 1 = sup
[a,b]

f
∀[a,b]⊆[0,1]
⇐======== ∃r ∈ ⒧ℝ\ℚ⒭∈[a,b] ∧ ∃q ∈ ℚ∈[a,b].

Thus Lf,P,[0,1] = 0 ≠ 1 = Uf,P,[0,1] ∀partition P of [0, 1], Lf,[0,1] = 0 ≠ 1 = Uf,[0,1], and

[0, 1] f−→ ℝ not RIEMANN integrable.

Example A.3 fx =
⎧
⎨
⎩

1/x if x ∈ (0, 1]
0 if x = 0

is unbounded, and supf[x0,x1 = ∞∀partition

P = {xi}ni=0 ⇒ Uf,P,[0,1] = ∞ by definition. However, we may redefine ∫1
0
f as

lima↓0 ∫
1
a
f, for the area under f’s graph is lima↓0 ⒧∫

1
a
f = 2 − 2a⒭ = 2.

Example A.4 Given a sequence r1, r2,… that includes each q ∈ ℚ∈[0,1] ex-

actly once but no other numbers, and fk∈ℤ>0,x∈[0,1] =
⎧
⎨
⎩

1/x−rk if x > rk
0 if x ≤ rk,

then

fx = ∑∞
k=1

fk;x/2k is unbounded on every non-empty open subinterval I ⊆ [0, 1] be-
cause I ∋ q ∈ ℚ, and f’s RIEMANN integral is thus undefined on I, although the area
(< 2) under f’s graph seems reasonable.
Example A.5 RIEMANN’s integration does not work well with pointwise limits.
E.g. given a sequence r1, r2,… that includes each q ∈ ℚ∈[0,1] exactly once but no

other numbers, then each fk∈ℤ>0,x∈[0,1] = 1 if x ∈ {ri}ki=1
0 otherwise

is RIEMANN integrable

and ∫1
0
fk = 0. However, fx = limk→∞ fk;x = 

1 if x ∈ ℚ
0 if x ∈ ℝ\ℚ

is not RIEMANN in-

tegrable (cf. example A.2).
A.6 ∀sequence f1, f2,… of Riemann integrable maps on [a,b] with fk∈ℤ>0,x∈[a,b]
≤ M ∈ ℝ, ∫b

a
f = limk→∞ ∫b

a
fk if

1. ∀x ∈ [a,b] ∃fx = limk→∞ fk,x
2. f is Riemann integrable on [a,b] ■
Remark. The undesirable hypothesis 2 and the difficulty in finding a simple
RIEMANN-integration-based proof suggest that RIEMANN’s integration is not the
ideal integration theory.

B Complete ordered fields
B.1Afield is a set𝔽with twobinaryoperations symbolised as addition andmultiplic-
ation: ∀a & b & c ∈ 𝔽

Commutativity a + b = b + a∧ ab = ba

Associativity (a + b) + c = a + (b + c)∧ (ab)c = a(bc)

Multiplicative distributivity over addition a(b + c) = ab + ac
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Additive identity ∃!O𝔽 ∈ 𝔽 ∶ a +O = a

Multiplicative identity ∃!1𝔽 ∈ 𝔽 ∶ a1 = a

Additive inverse ∃! − a ∈ 𝔽 ∶ a + (−a) = O

Multiplicative inverse ∃!a−1 ∈ 𝔽 ∶ aa−1 = 1  
Remark 2. −(−a = −1⋅a) = a ≠O==== ⒧a−1⒭−1 ∀a ∈ 𝔽.
E.g. The setℚ of rationals under usual addition and multiplication.
E.g. The set {0, 1} under usual addition and multiplication except that 1 + 1 ≔ 0.
B.1 aO = O∀a ∈ field𝔽 ■
B.2∀a,b ∈ field𝔽, their

Difference a − b ≔ a + (−b)

Quotient a/b ≔ ab−1 for b ≠ O  
B.3A field𝔽 is ordered if∃ positive P ⊂ 𝔽 ∶

• a ∈ 𝔽⇒ a ∈ P⊻⊻ a = O⊻⊻−a ∈ P

• a & b ∈ P⇒ a + b ∈ P∧ ab ∈ P  
B.2 A positive P ⊂ ordered field 𝔽 is closed under multiplicative inverse; i.e. a−1 ∈ P
∀a ∈ P, with 1 ∈ P ■
B.4∀a & b ∈ ordered field𝔽 ⊃ positive P

• a < b ⟺ b − a ∈ P ⟺ b > a

• a ≤ b ⟺ a < b∨ a = b ⟺ b ≥ a  
Remark 3. O < b iff b ∈ P.

B.3 The ordering< on an ordered field𝔽 is transitive; i.e. a < b < c
∀a,b,c∈𝔽
======⇒ a < c ■

B.5 The absolute value |b| ≔ 
b if b ≥ O
−b if b < O

 of b ∈ ordered field𝔽  
Remark 4. |b| ≥ b, −b.
B.4 |a + b| ≤ |a| + |b| ∀a & b ∈ ordered field𝔽 ■
B.5 Every ordered field𝔽 ⊇ ℚ; i.e. ∃ injection[xviii]ℚ


−→ 𝔽, such that

𝜑±m/n ≔ (±1 ±⋯ ± 1
m times

)(1 +⋯ + 1
n times

)−1 m=0===== O ≕ 𝜑0

∀m ∈ ℤ≥0 ≔ {z ∈ ℤ|z ≥ 0} ∀n ∈ ℤ>0, preserving all ordered field properties.[xix] ■
B.6 q2 = 2⇒ q ∉ ℚ ■
B.6 b ∈ ordered field𝔽 is an upper bound ofA ⊆ 𝔽 if a ≤ b ∈ 𝔽∀a ∈ A  
E.g. For bothℚ≤3 andℚ<3, every b ∈ ℚ≥3 is an upper bound, and 3 is the least
upper bound.
Remark 5. A least upper bound of a set, if it exists, is unique.
Example B.1 ℚ<2 = q ∈ ℚq2 < 2 has no least upper bound b ∈ ℚ. The idea
is that

• b ∈ ℚ<2 ⇒ ∃b′ (= b + ⒧2−b2⒭/5 for example) ∈ ℚ<2 slightly bigger than b

• b ∈ ℚ>2 ⇒ ℚ<2 has an upper bound (b − ⒧b2−2⒭/2b for example) slightly
smaller than b
[xviii]I.e. m/n = p/q

∀m,n,p,q∈ℤ>0⇐========⇒ m/n = p/q
[xix]Viz., ∀a & b ∈ ℚ, a+b = a + b, ab = ab, a > 0 ⟺ a > 0 etc. (with a ≠ 0 for the multiplicative inverse

condition)
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• So b = 2 ∉ ℚ.
B.7An ordered field is complete if every its non-empty subset bounded above has a
least upper bound; denote the field byℝ and call it the field of real numbers  
B.8 ̃r isDedekind’s cut if

• ∅ ⊂ ̃r ⊂ ℚ

• q ∈ ℚ<r∈ ̃r⇒ q ∈ ̃r

• ̃r has no largest element

Denote the set of all Dedekind’s cuts by ℝ  
Remark 6. Intuitively, ̃r = ℚ<r ≈ r ∈ ℝ ≈ ℝ.
B.9 S\A ≔ {s ∈ S|s ∉ A} is the set difference from A to S. If A ⊆ S, then S\A is A’s
complement in S  
B.10Make ℝ a field ∀ ̃ri=1,2 ∈ ℝ, ℝ ∋

• ∑i=1,2 ̃ri ≔ ∑i=1,2 rirj=1,2 ∈ ̃rj

• 0̃ ≔ ℚ<0

• − ̃r ≔ r ∈ ℚ⒧ℚ\ ̃r⒭<−r ≠ ∅

• ∏2
i=1 ̃ri ≔

⎧⎪⎪⎪⎪
⎨⎪⎪⎪⎪
⎩

∏2
i=1 rirj=1,2 ∈ ̃r+j  ∪ ℚ≤0 if ̃r+j=1,2 ≠ ∅

∏2
i=1 rirj ∈ ̃rj, r3−j ∈ ℚ\ ̃r3−j if ̃r+j∈{1,2} = ∅ ≠ ̃r+3−j

q ∈ ℚ∃ri=1,2 ∈ ̃r−i ∶ q < ∏2
i=1 ri if ̃r+j=1,2 = ∅

⎫⎪⎪⎪⎪
⎬⎪⎪⎪⎪
⎭

with

̃r+ ≔ ̃r>0[xx] and ̃r− ≔ ⒧ℚ\ ̃r⒭≤0

• 1̃ ≔ ℚ<1

• ̃r−1 ≔ r ∈ ℚ⒧ℚ\ ̃r⒭<r
−1
≠ ∅

Make field ℝ ordered define ̃r ∈ ℝ to be positive if∃b ∈ ̃r ∶ b > 0[xxi]  
B.7 The ordered field ℝ is complete; i.e. ∅ ⊂ R̃ ⊂ ℝ∧ R̃ bounded above⇒ R̃ has a least
upper bound⋃ ̃r∈R̃ ̃r ■

C Supremum & infimum

Property (Archimedian) ∀r ∈ ℝ ∃z ∈ ℤ>0 ∶ r < z. I.e. ∀r ∈ ℝ>0 ∃z ∈ ℤ>0 ∶ z−1 < r
■
C.1 ∀a ∈ ℝ<b∈ℝ ∃q ∈ ℚ∈(a,b) ■
C.1 b ∈ ℝ is a lower bound ofA ⊆ ℝ if b ≤ a∀a ∈ A  
E.g. For bothℝ>3 andℝ≥3, every b ∈ ℝ≤3 is a lower bound, and 3 is the greatest
lower bound.
Remark 7. A greatest lower bound of A ⊆ ℝ, if it exists, is unique.
C.2 Every non-emptyA ⊆ ℝ bounded below has a greatest lower bound ■
C.2∀A ⊆ ℝ, its supremum& infimum are respectively

supA ≔
⎧⎪⎪
⎨⎪⎪
⎩

A’s least upper bound ifA bounded above∧A ≠ ∅
∞ ifA has no upper bound
−∞ ifA = ∅

[xx]Think of the condition ̃r+ ≠ ∅ as equivalent to ̃r > 0̃
[xxi] ̃r1 ⊂ ̃r2 ⟺ ̃r1 < ̃r2

definition
⇐=====⇒⒧ ̃r2 − ̃r1⒭ positive
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& infA ≔
⎧⎪⎪
⎨⎪⎪
⎩

A’s greatest lower bound ifA bounded below∧A ≠ ∅
−∞ ifA has no lower bound
∞ ifA = ∅

■

C.3 r ∈ ℝ is irrational if r ∉ ℚ; i.e. r ∈ ℝ\ℚ  
C.3 ∃r ∈ ℝ>0 ∶ r2 = 2. I.e. ∃r = 2 ∈ ℝ\ℚ  
C.4 ∀a ∈ ℝ<b∈ℝ ∃r ∈ ⒧ℝ\ℚ⒭∈(a,b) ■
C.4 ⒧−∞,∞⒭ ≔ ℝ, with

• the ordering> onℝ extended to [−∞,∞ ≔ ℝ ∪ {±∞} as

– a < ∞∀a ∈ [−∞,∞) ≔ ℝ ∪ {−∞}

– −∞ < a∀a ∈ (−∞,∞] ≔ ℝ ∪ {∞}

• ∀a,b ∈ [−∞,∞]

– a < b ⟺ b > a

– a ≤ b ⟺ a < b∨ a = b ⟺ b ≥ a  
C.5 I ∈ [−∞,∞] is an interval if (a,b) ⊆ I∀a,b ∈ I  
C.5 ∀interval I ∈ [−∞,∞] ∃a & b ∈ [−∞,∞] ∶ (a,b) ⊆ I ⊆ [a,b]. So I = (a,b)
∨ [a,b]∨ (a,b]∨ [a,b) ■

D Open & closed subsets of ℝn

D.1ℝn ≔ ⒧x1,… , xn⒭ ≡ ⒧xi⒭
n
i=1xj=1,…,n ∈ ℝ is the set of all orderedn-tuples of real

numbers  
D.2∀x = ⒧xi⒭

n
i=1 ∈ ℝn, ‖x‖ ≔ ∑n

i=1 |xi|
2, ‖x‖∞ ≔ max {|xi|}ni=1  

D.3A sequence a1, a2,⋯ ∈ ℝn converges to a limit L = limk→∞ ak if ∀𝜖 > 0
∃m ∈ ℤ>0 ∶ a∀k≥m − L∞ < 𝜖  
Remark 8. limk→∞ ak = L

definition D.3
⇐=======⇒ limk→∞ ak − L∞ = 0

‖x‖∞≤‖x‖≤n‖x‖∞ ∀x∈ℝn

===================== limk→∞ ak − L.
D.1 A convergent sequence a1, a2,⋯ ∈ ℝn converges coordinate-wise;
i.e. limk→∞ ⒧ak = ⒧ak,j⒭

n
j=1⒭ = L = ⒧Lj⒭

n
j=1 iff limk→∞ ak,∀j∈{i}ni=1 = Lj ■

D.4∀x ∈ ℝn ∀𝛿 > 0, the open cube𝔹x,𝛿 ≔ y ∈ ℝny − x∞ < 𝛿  
D.5An open interval I = (a,b) ⊆ ℝ for some a,b ∈ [−∞,∞]  
D.6X ⊆ ℝn is

Open if B∀x∈X,∃𝛿>0 ⊆ X

Closed if its complement inℝn is open  
Remark 9. Instead of open cubes, open sets could have been equivalently defined
using open balls y ∈ ℝny − x < 𝛿 ⊆ Bx,𝛿 ⊆ y ∈ ℝny − x < n𝛿.
D.7∀collectionAofasetS’s subsets, theunion⋃E∈A E ≔ {x ∈ S|∃E ∈ A ∶ x ∈ E}and
the intersection⋂E∈A E ≔ {x ∈ S|x ∈ E ∀E ∈ A} ■
E.g. ⋃∞

k=1 [1/k, 1 − 1/k = (0, 1),⋂∞
k=1 ⒧−1/k, 1/k⒭ = {0}.

D.2 The union of every collection of open subsets ofℝn is open inℝn; so as the intersec-
tion of every finite collection of open subsets ofℝn ■
D.8AsetC is countable ifC = ∅∨C = {c1, c2,… } for some sequence c1, c2,…of ele-
ments ofC  



25 E SEQUENCES & CONTINUITY25 E SEQUENCES & CONTINUITY25 E SEQUENCES & CONTINUITY

Remark. Every finite set is countable. If C is infinite countable, then it can be
written as {b1,b2,… } of distinct elements.
D.3 ℚ is countable ■

Proof. Start with the list {−1, 0, 1} at step 1, adjoin to the list in increasing order
the rationals ∈ [−n, , n] that can bewritten in the formm/n for somem ∈ ℤ at step
n, and continue in this fashion to produce a sequence containing each rational

D.9A sequence E1, E2,… of sets is disjoint if E∀j≠k ∩ Ek = ∅  
D.4 A ⊆ ℝ open iffA the countable disjoint union of open intervals ■
D.5 A ⊆ ℝn closed iffA ∋ limit of every convergent sequence of elements ofA ■
Laws (DE MORGAN’s) ∀collection A of subsets of some set X, X\⋃E∈A E
= ⋂E∈A ⒧X\E⒭, X\⋂E∈A E = ⋃E∈A ⒧X\E⒭ ■
D.6 The intersection of every collection of closed subsets ofℝn is closed inℝn; so as the
union of every finite collection of closed subsets ofℝn ■
D.7 The only subsets ofℝn that are both open and closed are∅ andℝn ■

E Sequences & continuity

E.1A sequence a1, a2,⋯ ∈ ℝ is

Increasing if a∀k∈ℤ>0 ≤ ak+1

Decreasing if a∀k∈ℤ>0 ≥ ak+1

Monotone if it is either increasing or decreasing  
E.2 • A ⊆ ℝn is bounded if sup {‖a‖∞}a∈A < ∞

• A map intoℝn is bounded if its range is a bounded subset ofℝn. Particularly, a se-
quence a1, a2,⋯ ∈ ℝn is bounded if sup ak∞k∈ℤ>0

< ∞  
E.1 Every boundedmonotone sequence of real numbers converges ■
E.3 ak1, ak2,…, with ki=1,2,… ∈ ℤ>0 and k1 < k2 < ⋯, is a subsequence of a sequence
a1, a2,…  
E.2 Every sequence of real numbers has a monotone subsequence ■
E.3 (BOLZANO-WEIERSTRASS’s) Every bounded sequence in ℝn has a convergent sub-
sequence ■
E.4 Every sequence of elements of a closed bounded F ⊆ ℝn has a subsequence that con-
verges to an element of F ■
E.4A

f−→ ℝn ∀A ⊆ ℝm is continuous

At b ∈ A if∀𝜖 > 0∀a ∈ A∃𝛿 > 0 ∶ ‖a − b‖∞ < 𝛿⇒ ‖fa − fb‖∞ < 𝜖

OnA if it is continuous at every b ∈ A  
E.5 A

f−→ ℝn ∀A ⊆ ℝm is continuous at b ∈ A iff fbk
k→∞−−−−→ fb ∀sequence bk=1,2,… ∈ A

that converges at b ■
E.5A

f−→ ℝn ∀A ⊆ ℝm is uniformly continuous if ∀𝜖 > 0 ∃𝛿 > 0 ∀a,b ∈ A ∶
‖a − b‖∞ < 𝛿⇒ ‖fa − fb‖∞ < 𝜖  
Example E.1 ℝ f∶x↦x2−−−−−→ ℝ is continuous but not uniformly continuous.
E.6 Every continuous ℝn-valued map on a closed bounded subset of ℝm is uniformly
continuous ■
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E.7 Every continuous real-valuedmap of a closed bounded subset ofℝm attains itsmax-
imum andminimum ■
E.6∀S f−→ T between sets S and T, fX ≔ {fx}x∈X is the image ofX ⊆ S under f  
E.8 A continuous F f−→ ℝn of a closed bounded F ⊆ ℝm is a closed bounded subset ofℝn

■
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